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New Results in Elimination.” 
By F. A. B. Coss. 


Elimination is a fundamental process in algebra. One of its most general 
problems may be stated in homogeneous form as follows: 
Given 7 forms, 

(m, = m, = = Mj) 
homogeneous and of the orders m indicated in the variables y;, y2,° °°, yj; 
to find that polynomial in the coefficients «,, Qo, °° +, @ whose vanishing 
expresses the necessary and sufficient condition that the forms vanish simul- 
taneously for a value system This polynomial is the so- 
called resultant or eliminant i. e. the result of. eliminating y;: yy 
from the j equations, = 0, +, —0. As thus defined 
a numerical factor in # is unessential though in certain cases (e. g. if FR is 
included among the members of a complete system of invariants of the given 
forms) some convention as to such a factor may be desirable. In geometric 
language & —0 is the necessary and sufficient condition that the 7 spreads, 


= 0,° = 0, of dimension — 2 in S;_, have a common point 
The degree of FR in the coefficients of a particular form a,"* is known to be 
M,.M2.***.m;/mx. A subsidiary problem is that of exhibiting in rational 


form the common solution z which exists when Rk = 0. 

Other problems such as those of “ restricted ” elimination appear e. g. to 
express the condition that three conics with two known common points (say 
conics without terms in y,?, y.”) shall have a further common point. This 
memoir is confined to the general problem formulated above. 

The binary case, 7 = 2, of elimination of one non-homogeneous variable, 
or two homogeneous variables, from two equations has been satisfactorily 
solved. The dialytic determinant of Sylvester provides the resultant in the 
convenient form now commonly presented. A much earlier method of Bézoutt 
modified later by Cayley {) for two forms of the same order, extended by 
Rosenhain § to different orders, furnishes the resultant as a more contracted 
determinant. Conditions for further common solutions have been found.f 


* An investigation pursued under the auspices of the Carnegie Institution of Wash- 
ington, D. C. 

7 Paris Memoirs (1764). t Journal fiir Mathematik, Vol. 53 (1857.) 

§ Journal fiir Mathematik, Vol. 28 (1844). 

{| Further references are found in the Encyklopddie, Vol. 1, pp. 245-250; 260-274; 
and in Pascal’s Repertorium, Leipzig (Teubner) (1900), Vol. 1, pp. 86-89; 274-278; 
322-323. 463 
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forms. 


j= 

g=A4: 
j= 6: 


Until recently however little progress had been made, in the elimination 
of more variables, toward the formation of a pure resultant, i. e. one free of 
extraneous factors which contain the coefficients of one or more of the given 


selected pairs of equations by the dialytic or other method, a result R’ igs 
obtained which is the resultant R multiplied by a factor which depends upon 
the order in which the variables are eliminated and upon the order in which 
the equations are selected. As this order changes a variety of results R’ 
appear of which F# is the G. C. D. Thus elimination of any number of vari- 
ables is properly regarded as a rational operation but the explicit form of the 
end result which we seek here has not been exhibited in the general case.* 

Little effective progress has been made by the methods of invariant theory 
such as that devised by Gordan + for three ternary forms. 

The first notable extension of the Cayley-Bézout determinant to higher 
cases was presented by Professor Morley to the Toronto Congress (1924). 
This furnished the resultant R for three ternary forms of the same order. 

It is the purpose of this paper to extend this result to a wide variety of 
ternary cases and a more limited number of cases in more than three variables. 
The orders m for which F is explicitly obtained as a determinant are, in 
ascending magnitude, the following: 


Further cases for which some of the orders m are unity are given in § 2. 
This is accomplished by the use of a covariant J; introduced by Morley 
for the particular case mentioned. J; may be defined as the sum of jacobians 
of polars of x as to the given forms whose order in y is k; or more specifically 
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It is clear that, as the variables are successively eliminated from 


M1, M2, M+r m+1); 


M1, m,+r (r=), 1, 2) 


M1, Mm +1, m+1 
Mm, mMm+r, m+rem+tr (r—1,2), 
M,, m,+1, m+1, m+2 


2,2,2,2,2+r (r—0,1) 


* For other rational methods see Salmon’s Higher Algebra, (1876). pp. 79-83. 

{ Mathematische Annalen, Vol. 50 (1897). 

¢ Published in this Journal, Vol. 47 (1925), pp. 91-97, under the title: “The Eli- 
minant of a Net of Curves.” 
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(ki +: -+k;=k). 


The importance of this particular sum of jacobians is doubtless due to the 


recurrence relations (4) which it satisfies. 

In addition to J; we use the modulus F defined by the given forms, 
Ojy™, i. e. the totality of algebraic forms comprised under the 
formula, 


where is any order and Biy*"™, are arbitrary forms of the orders 
indicated. If in particular the coefficients 8 all vanish we note that a form 
which vanishes identically is contained in the modulus. 

The method is based on the following fundamental theorem: 


(I) If the equations, *, have a common solu- 
tion x, then all of the covariants J; for k 
are contained in the modulus F. 


For k = 0, 1,--° +, m,—1 the order of J; in y is too low to permit of 
an effective expression (2) whence, for these values of k, J,= 0. Thus in 
Morley’s case, m; = mz ms, we have the syzygies, Jm-1=0, Jm-2=0, 
which he used to form the resultant. 

The identity in y given by the fundamental theorem furnishes a number 
of equations which contain, in J; on the left, products of powers of the un- 
known common solution z, and on the right the unknown coefficients B of a 
form of the modulus. Additional equations may be obtained by multiplying 
= 0;- by such products of powers of 2,,- 2; as will 
produce the order, } m; —j7—k, of J; in x From such equations, linear 
in the products x and the coefficients 8, these quantities may be eliminated 
in the cases mentioned and the resultant R appears as a determinant. 

We observe that the coefficients 8 in the expression (2) of F are no longer 
unique ifk&>m,+m.. For 


Bay? ™ Boy*-™a ° = 


If then we hold & at the upper limit m, + m,—1 which avoids this ambiguity 
in the coefficients 8, the order in 2, } m; —j—k, also should not exceed 
m,-+- m:,—1. Otherwise the additional equations will not be independent 
since the one obtained by multiplying ¢.” = 0 by a2. coincides with the one 
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obtained by multiplying a22”*—0 by a2. Thus our equations are inde- 
pendent only if } m,—j—k < m+ m, (k =m, + m,—1) i. e. if 


ms + mj < m+ m+ 


an inequality satisfied only by the cases noted above. 
The discriminant of a spread, ay” — 0, in S;_, is the resultant of the j 
first derivatives of order m—1. Hence we provide a determinant expression 


for the discriminant of any plane curve (Morley), of any surface, of the cubic 
and quartic spread in S,, and of the cubic spread in S;. 

The details of the argument are given in the sections which follow. 
A proof of the fundamental theorem (1) appears in §1. In § 2 we show that 
the equations obtained from J ym,-j-(m,+m-1) and the additional equations ob- 
tained from the given forms permit of eliminating the coefficients 8 and pro- 
ducts x to obtain a determinant R. In §3 it is proved that R has the same 
degree in the coefficients of the given forms as the resultant and therefore 
either R is the resultant or R=O. But RS¥€O0 since it is verified that 
R= +1 for the particular forms, y,;™, yj™. There is given in 
§ 4 an interesting extension of the fundamental theorem which applies to 
j+1 general forms. In §5 we prove that the resultant R, when properly 
bordered, furnishes in general the unique apolar form of the j given forms 
and therefore, when R = 0, a power of é,, the common solution. The exist- 
ence of other forms of the resultant, also determinants, here becomes clear. 
These alternative forms are frequently determinants of lower order than those 
given in § 2. 

The extension of the fundamental theorem which appears in § 4 is in 
effect a generalized form of the syzygy which Morley used as a starting point. 
In §6 a new proof along his earlier line is given and the application to the 
formation of resultants appears as a corollary. 


1. Proofs of the fundamental theorem. The first proof of theorem (I) 
is based only on the determinant identities and on the recursion formulae (4) 
below. These persist for any number of variables so that it will be sufficient 
to carry the proof through for four variables and then to state the general 
result. 

We taken then four quaternary forms or surfaces, 


(1) By", (m q)> 


all on a point z. The form J;, the sum of jacobians of polars of x whose 
degree in y is k, we write as 


4 
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nde- (2) Je = (aByS) (™ (k>0 else J, —=0). 

In this (@By8) is the usual symbolic determinant and the second parenthesis 

represents a sum of terms, namely 

(3) ) 
he j = DS brig he y Ly, 
sion 
ubie (ki + kz + + ky =k). 

We observe that every term of this sum contains a factor a, or, if not ay, a 
low. factor a,”-1; also that every term contains a factor az, or, if not a, a factor 
hat Thus 
ob- 
(4.1%) ( m—1, q—1 ( m—2, q—1 \+ n—l1, q—1 ) 
(4.20) ( m—1, q—l Oe ( m—2, q—1 y+ q—1 : 
‘ore 
hat and similar formulae are valid for 8, y, and 8. If any of the integers in 

in these parentheses are negative the corresponding terms do not appear. 
to Let é, be an arbitrary linear form which represents a plane é not on the 
rly point x common to the four surfaces. We multiply J; by é. and replace 


me (aByd)é, from 


(5) == — ye + (ayBE) Be — (ByBE) ae. 

ar. 

ose If now to the last term in a, we apply (4.1¢) the second term on the right of 
(4.10) contains the factor e,” which by hypothesis vanishes. Thus 

i 

In the first term on the right of (6) substitute for («Byé)8, from 

[ 

(a yé) 8, = bv + (BBE) — By + (By8E) ay 

nt We have then on the right one term in (aByé) and two terms in each of 

al (aB8é), (aySE), The pair in is 


(aB8é) yy — ye ) ] 


‘To reduce this pair we apply (4.2y) to the first parenthesis and (4.28) to the 
second and obtain 


0, q—2 ) yy? — yyye8y p—2, 0 ) ] 
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With similar modifications in the other two pairs of terms we have 

+ (aBdé) 0, q—2 ) — (m1 p—2, 0 )] 


We observe at this point that if k < q the three terms in 8,21 will not 
appear because of the negative (k— q) in the parentheses. Then in the first 
term on the right of (7) we can replace, by virtue of (4.28), 


m—1, n—1, p—1, q—2 m—1, n—1, p—1, q—1 
( k—1 ) by ( k—1 ) 


and we have a preliminary expression for J; in terms of the modulus 
(Jz-1, B, y, 8) which reads: 
(8) fy" Tea + (aPBE) 0-2), yp 
— (aydé) q—2 )8e By” + ( Bydé) q—2 ) 
(k <q). 


In this if k < p the term in y,? also will not occur; if k < n, only the term 
in a” appears; and if further k < m we shall have merely that 


(9) (k m) Ju = by 
Since Jo, the ordinary jacobian, vanishes at the common point z the re- 
cursion formula (9) yields, by repeated multiplication by €,, the result 
(10) m) J, = 0. 
Thus for three ternary forms and equal orders m = n = p we have Morley’s 


syzygies : 
Im-1=0, JIm-2=0. 


If km < n, formula (8) becomes 
(11) Im = (By8E) (Mn =P = 
a rather remarkable expression for a general surface a” in terms of a point x 
on it and any three other surfaces of higher order which also are on z. 

We return to the general formula (7) and modify the first term on the 
right by substituting for alee Medlie from (4.28) which brings in 
a new term in $,%" i. e. 


| 
a 
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8 m—1,n—1,p—1,q—2 \ (m—1,n—1,p—1,q—1 \ __ §, 4-1 ( m—1, n—1, p—1, 0 
k—1 y k—q 


We modify also the three terms in (7) which already contain $,41 by using 


m—1, n—1, p—2,0\ n—1, p—1, 0 ) — yy p-1 m—1, n—1, 0,0 
Ye k—q k—q k—p—q+1 
B m—1, n—2, p—1, — (m—1, n—1, p—1, 0 By} m—1, 0, p—1, 0 
k—q k—q k—n—q+1 
n—1,p—1,0\ — n—1, p—1, 0 ) — Wy m-1 (0, n—1, p—1, 0 
k—q k—q k—m—q+1 


Then the right member of (7) will contain first a term é,° Jz-1; second, four 
terms in with coefficients, 


—(aBy8) — (%B8E) yy + (aydé) By —(BydE) = — (aByé) dy, 
which therefore contribute the single term 


third, two terms in (@B8€) y” with coefficients 


which therefore contribute the single term and 


finally two similar terms in each of (aydé) « By" and (By8é) - ay”. Thus (7) 
takes the recursion form: 


The formula (12) furnishes an expression for J; in terms of the modulus 

(Jiu-1, &y™, By", yy, Sy2). If we multiply (12) by é and replace on the right 
&°Jx1. by using (12) for the value k —1 we have an expression for J; in 
terms of the modulus (Jz2, ay”, By”, yy, Sy4). On continuing this process 
and recalling from (10) that J,=0 if k < m we find the following expres- 
sion for J; in terms of the smaller modulus (a,”, By", yy?, 5y%) : 


(13) 


k—q—r 


k—n—r 


k—m 
(aydé) { > m—1, 0, p—1, } ° By" 
r=0 


k—m 
+ (By8é) { = ) } 
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If now we adopt for J; the more specific notation 
(14) = Ji (a, y®, 82) 
then it is clear from the definition of J; that the coefficients of the modulus 
in (13) are also of the J-type and we write the final form of the identity: 
+ 8%, Fmt) yy? — y?, 81, Bye 
Jx-m( 8", 8%, ot) 


We extend this at once to the general case and give the following more 
explicit statement of the theorem (I): 


If the spreads ay™, Gay", - °°, ajy™ in Sj. have a common point z, 
the form Jx(ai:™,- ++, aj) of order k in y belongs to the modulus defined 
by the j given forms. If &, is a fixed linear form such that 20, the ea- 
plicit expression for Jy in terms of the modulus is 


s=1 


2. Formation of the Resultant. If the 7 equations, ajy”*—0 (1=—1, 
- ++, 97) are given subject merely to the condition that they have an unknown 
common solution z, then, in the syzygy [i. e. the identical relation of order 
k in y (16) ] where € is fixed, we have the constant €,*-™*! and the forms Jz_m, 
of order k — mz in y whose coefficients also contain the unknown z. Thus 
after division by €,*-™*1 we have an identity of order k& in y of the form 


in which there occur the unknown coefficients of the forms 8 and (in Jx) 
the combinations, also unknown, of the coordinates x, which are of. degree 
smi—j—k. We seek to eliminate these ¢ unknowns from a set of ¢ equa- 
tions linear in them. For this it is essential that the values of the unknowns 
be unique and that the additional equations which may be obtained from 
= 0, by multiplication with such combinations of as 
raise them to the degree 5 m; — j —k shall themselves be linearly independ- 
ent. As explained in the introduction this leads to the inequalities 


ore 
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k= m+m,; or to 


k< m, + moe. 


Thus the most favorable range for the orders ms, - i. » m; is obtained by tak- 
ing the maximum value for k, i. e. m, + m2—1; and the original inequali- 
ties and the one just deduced are 


ms +m; mi +m: + (j—1). 


he case m; = 1 may be discarded since if any of the given forms are linear 
the elimination may at once be reduced to a lower dimension. To this point 
however we shall recur. Since m; + ms> m,-+ mz the largest range for 
occurs when m; = mz = mz; = when 


Msp my j—1. 


Since m; = 2 the largest range for 7 appears when m;—2 and therefore 
when 2(j,—4) <j—1orj<7%. For and the most favorable cases 
indicated we have ms + mg < 5 or = m, 2 and necessarily 
=m,=—2. For and mz + m+ ms; < m+ m,-+ 4 the largest value 
of m; is obtained when m; + =m, -+ m, i. e. when m, =~ and 
m,< 4 If ms; = 3, m,° m, must all be 3 or 2; if m; 2, +, mM 
must all be 2. For and mz; + ms < m,-+ m,-+ 3 it is convenient to 
m—m+r+s, m—=m+r+s+t (7,8,t50). 
Then the inequality becomes r + 2s + ¢ < 3 whose seven solutions, (r,s, )—= 
(0, 0, 0), (1, 0, 0), (0, 0, 1), (2, 0, 0), (0, 0, 2), (1, 0, 1), (0, 1, 0) furnish 
the cases mentioned in the introduction. For and mj < m+ m,+2 
we set mz; = m, + r and find that r< m,-+ 2. We have thus accounted for 
the range of cases listed in the introduction. 

If one of the forms and therefore necessarily the first is linear the elimin- 
ation may in a sense be reduced to elimination in a lower dimension. The 
procedure for space for forms ay, By", yy”, dy2 would be as follows. If z, 2’, 2’ 
are the vertices of a fixed triangle on the given plane a, any point y of the 
plane is given by y=Az-+ 2’ +2’. On substituting this value of y in 
the other three forms we have three ternary forms of orders n, p, g in A, d’, A” 
whose eliminant for A is the required resultant of the four original forms. 
This resultant however is of degree npq in each of z, 2’, 2” and in order to 
express it in terms of the original coefficients « we should have to modify it 
in such a way as to exhibit the z, z’, 2” only in the combinations «= | z 2’z’” |4. 
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Such modification would not in general be practicable and thus it is desirable 
to see how many cases in which at least one form is linear come under our 
general method. If then we set my —1, mz =1-+ 1, my 
°°, 0) the original inequality becomes 


({—3)r + (GJ —2)t2 + (7-3) + 


A discussion of this inequality shows that for 7 = 6 there are always four cases 
for which (mj-,, mj) = (1, 1), (1, 2), (1, 3), (2, 2) and the other m’s all 
are unity. If in the first three of these the last form is ajy" (r—1, 2, 3), 
the resultant obviously is (a:¢, °° + @j-14;)". In the last of the four cases 
we form the resultant of two binary quadratics in symbolic form and then 
immediately write it in the symbolic form for the higher case by using the 
Clebsch translation principle. For j = 3, 4 we find precisely the cases already 
listed in the introduction for which m;—1. For j= 5 there is in addition 
to the four cases which always occur when 7 = 6 just one case 1, 2, 2, 2, 2. 
Our method will in this case furnish a resultant explicit in the coefficients 
a, of the plane a, or if these coefficients be replaced by variable coordinates é 
it will furnish the equation of the 16 common points of four quadrics in 
space 

We consider now the cases listed in the introduction and begin with the 
three ternary forms of orders 


j=3: M1, Me, M2 + 1 
The fundamental syzygy now reads: 


It is convenient to obtain as many independent equations as possible from 
Oa = 0, Gon? = 0, X27 = 0 by multiplication with products of powers of 
x since such equations contain the coefficients ¢,, #2, «3; in the simplest way 
and therefore we allow zx to enter to the maximum order m, + m.—1. Since 
the jacobian of the three forms has the order m, + 2m, -+ r—83 the order of 
J; in y is k=m,+r—2. Thus the syzygy (an identity in y) yields 
( — ) equations linear in the Emig) products zz of powers of z of 
order m, -+ mz —1 and linear in the coefficients B,, Bz, But for parti- 
cular values of m2 and r some or all of the forms 8 will vanish identically so 
that the linear equations will differ formally in certain cases. Thus since 
k =m, + r— 2 then k —m,—r < 0 and is always identically zero. 


) 
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If r< 2, k$—mz< 0 and By*m=0. If r<2 and k=m,+r—2 < m 
where also m;= mz then By*™=0. For r= 0 this yields two cases m1, 
m, and m,, m; + 1, m, + 1 the first of which is treated by Morley and will 
not be considered further here. For r= 1 we have one case m1, m;, m, +1. 
The last two cases we combine under 


Case IIIa: Mim +r,m+1 (r= 0,1) : Imi =0. 


If r< 2 and k—=m,+r—2S™m, then always mzSm,. Thus mz 
may have any order and r may be 0, 1 which yields 


Case III: M34, M2, Me (r = 0, 1) J 
(m2 > Mm, + 


where the last inequality bars Case IIIq. 
For 2 <r < m, + 2 we have the more general 


Case III,: M1, Ms, Ma +r Mm +1) 
The linear equations obtained from the syzygy, and the additional equa- 


tions linear in zz alone obtained by raising the orders of #12" = 0, G20" = 0, 
sa == 0 to m, + m.—1 have the matrices indicated below. 


Case III,: (r—0,1) Case III,: (r=0,1) 


| | | | | Oy | 
(19) (mtrtt | 2: | | | | 0 | 
( ) ( 2 ) 
| &s | | Qs | | 0 | 
Case III,: 
( igs ( ) 
| | | | | 
| | 0 | | 0 | 
| a | | 0 | | 0 | 
(mer) | a | | 0 | | 0 | 


The numbers at the top of each matrix give the number of products zz, of 
coefficients B,, and of coefficients 8. eliminated i. e. the number of columns 
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of the interior matrices. The numbers at the left indicate the number of 
equations obtained from the syzygy and from each of the given equations in 
order. The interior matrices have elements which are linear in the coefficients 
indicated except for the matrices | 0 | whose elements are zero. 

We have to show first that these three matrices are square and thus are 
determinants which we identify later with the resultant. It is easy to verify 
that 

m+me+1 m rtr r =, (mrtr +1 
For (7) =0 i. e. r=0, 1 these prove at once that the matrices III, and 
III, are square, and the second one proves the same for III, for any value of r, 

To the four cases for 7 —4 listed in the introduction we attach the 
syzygies : 

+ Bay? SI 


The matrices of the corresponding systems of linear equations are: 


IV, (r=0, 1, 2): 
| | JO] Jo] 
(™+2) | as | 
(™42) | as | Jo] 
| as | | 0 | | 0| | 0 | | 0| 


(mt) 


| | 


IV. 


IVa: 


That here the number of columns is equal to the number of rows, obviously 
true in the cases IV», IVa, may easily be verified in the cases IVa, IV- if in 
== 0, i. e. if r= 0, 1, 2. 
The determinant IV, takes a different form when m, = 2, a form which 
Thus we have three special sub-cases: 


these two cases ( r 


(r=1, 2): 


Cn”) 
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| | 
| a | 
| | 


| a | 


| a | 


| a2 | 


| as | 


| 


| | | Oy | 


| 
| | 
| as | 


| | 


varies according as r = 0, 1, 2. 


(m, 2, r= 0) 


(22) 


The further cases listed have numerical orders. 
and V>, have syzygies, 


20 

| | 
| a: | 
| 
| @s | 


| a | 


20 
4 
4 


| a 


a| | 


| 


(m, 2, T= 1) 


20 
| | 
| | 
| | 
| | 
| | 


1 


| a | 


Ves (m, 2, r= 2)s 


20 


| | 


| a | 
| 
| as | 


+ 


| a | 


| | 
0 


1 


| | 


0 


1 


| as | 


The two for 5, Va 
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Jour + +° + Bay Gay? + (r—0, 1), 


and corresponding determinants 


¥e: 


[as] | as | 


In Vz for both cases r = 0, 1 the matrix is square. 
The isolated case 1, 2, 2, 2, 2 for 75 yields a case V, for which the 


syzygy is 
Jo + Bry * + Bo * My? +° + = 0, 


and the determinant is 


(24) 


1 


Finally for 7 = 6 we have the one case VI for which the syzygy is 


+ Gy? +° Boy * “ey? = 0, 


476 
126 |os| | |os| | 
15 | a, | | 
15 | a | | 
(23) 15 | as | 0 e 
15 | a | | 
15 | as | | 
Vo (r=0,1): 
(rit) | 
‘ 
| as | 0 
. | a | 
| as | 
15 5 1 
5 | | 
| 1 | a | 0 ‘ 
| | as | 
% 
( 
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and the determinant is 


VI: 56 6 aC 6 
6 | a | 

(25) 6 | ae | 0 P 
6 | a | 


In the next section we prove that the determinants (19), (21), (22), 
(23), (24), and (25) are the resultants of their respective forms. 

3. Identification of the Resultant. If the 7 given equations have a com- 
mon solution the determinants of the preceding section, which obviously have 
an invariantive character, must vanish since the linear equations from which 
they were derived are then consistent. If the determinants are not iden- 
tically zero, they are invariants of the given forms which vanish when the 
resultant & vanishes and which therefore contain FR as a factor. If the de- 
grees of the determinants in the coefficients of the forms coincide with the 
degrees of F then the determinants coincide with R. We prove first that the 
determinants have the same degree as # and second that the determinants 
have, in a particular case, the value + 1 and therefore do not vanish iden- 
tically. The argument on each of these two points is given in just a few 
illustrative examples and the verifications made in the remaining cases are 
not reproduced here. 

All of the determinants given have the typical form 


qi | | 

(26) qo | a | 0 
qi | a; | 


where the p’s and q’s represent respectively the number of columns and the 

number of rows in the interior matrices under or opposite them. Then 
j j 

y pi = DQ; =N. The upper left matrix has elements linear in the coeffi- 
i=0 

cients of each of the forms, the other non-zero matrices have for elements 

precisely the coefficients of the one form indicated. For particular deter- 

minants some of these latter matrices do not appear and the corresponding 

numbers p or q are zero. 


4 
| 
| 
| 
| 
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In the terms of the expansion of such a determinant there are 


Go— Pi = Po— = Po + 


elements from the upper left matrix, p; elements from the matrix | «; | to the 
right, and qi elements from the matrix | a;| underneath. Hence the degree 
of the determinant in the coefficients of aj,” is 


Pot go + pi + gi —N= 


We use the last expression for the degree in a since some of the p’s are fre- 
quently zero. 
Thus the determinant of Case III, in (19) has the following degrees in 


which are the degrees of the resultant. 
Similarly in Case IV, of (21) we find for the degree in «, and the equal 
degrees in that 


=(m-+7r)° (m, +1) (m, +71), 
(mor) + (m8) — = (m+ 17): — 12(3); 


where (3 ) vanishes for the values of 7 (1,2) in this case. 

The similar verification which has been made for the other cases is not 
reproduced here. 

We prove that the determinants do not vanish identically by showing that 
they take the value + 1 for the particular case when the forms are perfect 
powers such as 


We use the obvious fact that a determinant whose elements are all zero except 
for a single element 1 in each row and column has the value + 1. 

Again the verification which has been carried out for all cases, is given 
only for the cases, III, in (19) and IV, in (21), examined above. 
For Case III, the syzygy now reads 


— 
i 


the 
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In this the forms f are arbitrary forms of their order and the form Jmm,-oir 
has the simple expression 


with the following restrictions on the exponents: 
ky + ke + = m,.—2-+17, 
(a) 


The product terms of the syzygy contribute terms in y;"y,"sy,*s for which in 
the first product k, = m,, and in the second kz > mz. When we equate to 
zero the terms of the syzygy in y,"y,"ey,"s, then if k, S m, the term according 
to (a) does not appear in J. It must appear in the product B,,™-"2*": y,™ 
with a coefficient 8, which is eliminated leaving an element 1 for the deter- 
minant. It also cannot occur in the second product since if k, =m, and 
kom, then ki +k2Sm,+m, which contradicts k+k.+k,= 
m,—2—+r m+1). Similarly a term for which k,> mz, 
furnishes an equation which contributes a single element + 1 to the deter- 
minant. If finally k, << m, and k, < m, the term can appear only in J with 
a single coefficient +z which is eliminated leaving a single element 1 for the 
determinant. Thus every row of the determinant which arises from the 
syzygy has a single element 1. Obviously the rows which arise from equations 
obtained by multiplying z,™, 2.™, - - - by individual products zz have only 
one element 1 since the 2’s are eliminated. 

It is similarly obvious that the columns of the determinant which arise 
from the elimination of 8, and 8, have a single element 1. The column 
which arises from the elimination of 


(ky ke ks = M, 1) 


will if simultaneously 


have one element 1 from an equation of the syzygy. If however any one of 
the three relations, 
k>m, kSm, 
is valid, the-column will have one and only one element 1 from one of the 


three further sets of equations since no two of the above inequalities can hold 
2 


| 
is 
fre- 
al | 
rT 
3)? 
ot 
t 
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simultaneously. Thus the determinant has but one non-zero element in each 
row and column and is not zero. 

In Case IV, for forms ys™*", (r=1, 2) the syzygy 
reads: 


where 


ki, 


and 
ky + ko + hg + hg = 2m, + 2r— 3 


As in the preceding case these restrictions are inconsistent with 


and any two of the latter are inconsistent with each other. Hence each equa- 
tion which arises from the syzygy contributes to a row of the determinant 
a single element 1 and the same is true of the additional equations. 

The columns which arise from the elimination of 


will if simultaneously 


have just one element 1, an element which arises from J. If however any one 
of the four mutually exclusive relations, 


ki kSm,+7r, kSm+y7, 


is valid, the column again has just one element 1, an element which arises 
from one of the additional equations. Again the determinant is + 1 and is 
not identically zero. This completes the identification of the determinants 
given in § 2 with the resultants of the corresponding set of forms. 


4. An Identity Connecting 7+ 1 General Forms in 7 Variables. In 
scanning the proof of the formula (12) of §2 the only point at which the 
assumption, that a)”, By", yy”, dy? had a common solution z, was used, was in 
the derivation of (6) where terms in a”, - ~:~ were dropped. If we retain 
these on the hypothesis that the four forms are general and proceed with the 
remaining terms as in the derivation of (12) we obtain the formula 
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( aB8é) 0, q—1 ) Ya? — 0, q—1 ) 


k—m 


(27) 


If we multiply this by é, and replace on the right &,-Jx_, in terms of &° Jz. 
by using (27) for & —1, and if we continue this process until we have on the 
left 2°: J; then in the notation of (14) we shall have 


+ Ti (a™, y?, — Ti-q( a", B", #) 
B*, 54, Ya? + B", 54, &") 
+ Jiu (am, y?, 8%, Bo” y®, 84, &) By” 
— Ji.(B", 84%, &) + y®, 8%, ay™. 


If in this we replace €,” by an arbitrary form e,” we have the following note- 
worthy formula, an identity in both x and y which is satisfied by any five © 
quaternary forms: 


(29) y?, 82) —Jk(a™, B", y®, 8x4 
+ 84, ya? — Ji (a™, y”, 84, Bo” + (B", y®, 8%, = 
(a, B", y?, 52) ey” B", y®, €”) 


Fork =0, m=n=p=—q=r=1 this reduces to the usual determinant 
identity. For k 0 alone, it is a long known dual relation which connects 
five forms and their jacobians. 


For j-+ 1 forms in j variables, 


the identity is 
j+1 
s=1 
— Jim, (%™, Met, 5437442) | == 0. 


5. Alternative Determinantal Expressions for R. The Common Solu- 
tion when R =0; the unique Apolar Form when R0. That the resultant 
R may be expressed as a determinant in more than one way, at least in certain 
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of the above cases, was pointed out by Morley who gave two determinants for 
the case my = mz—ms;. We examine this situation more closely. The re- 
sultants are obtained from a syzygy containing J; of order & in y. To bring 
out the order / in x of Jz we set 


These orders k, J in x, y respectively were subject to the limitations 


(32) k< m,+ mo, l<m,+m, 


in order to secure, in the first case, the uniqueness of the coefficients B of 
the syzygy and, in the second case, the linear independence of the additional 
equations. The elimination of & and / from (31), (32) leads to the inequal- 
ity (18) of §2 which was used to separate the cases III, IV, V, VI. 
Throughout the discussion in § 2 we had used uniformly the maximum value 
m, + m,—1 of I. 

We denote by 
(33) d=|I—k| 


the disparity of the syzygy which contains J;,;. As 1 decreases, & increases 
so that the maximum value D of d for any one of the cases occurs when & or | 
ism, -+m,—1. Thus D, the disparity of the case, has the value 


*— mj +5—2. 


(34) D=m,+ 


For the case III with equal orders, and for the cases IIIy, IVs, 
IV., IVa, Va, Vo, VI the values of D are respectively 


m+1, m+r (r=0,1), m—r+1 (r=0,1), 
(35) m—r+1 (r=2,°-:,m+1), 2—r (r=0,1,2), 0, 
2—r(r=1,2), 0, 0, 1—r(r=0,1), 0. 


We have used in each case of § 2 that syzygy Jz,: for which d had the maxi- 
mum value D for the case. There is however in the early cases at least a 
considerable range for d from D to 0 or 1 according as D is even or odd. Thus 
for each value of d ¢ s=d= D) there are two syzygies Jx,; and J;,% each 
of which leads to a resultant. 

If we examine the two syzygies with leading terms J;,; and J:,, we find 
that they give rise to resultants whose determinants are the same except for 
the interchange of rows and columns. Indeed we pass from J;,: to Ji,x by 
interchanging x and y so that the matrix | a,-::,;| of the determinant is 
transposed. And if we eliminate the coefficients of Biy*-”+ for the one syzygy 


ror 


ng 
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in the same order as we introduce additional equations to the other syzygy by 
multiplying #2”* 0 by products (x)*-™ the rest of the determinants are 
likewise transposed. We may state then the theorem: 

(D/2+1 (D even) 
(D+1)/2 (D odd) 
pairs of syzygtes, and Jix, of disparity d d =D). Each syzygy 
provides a determinant form of the resultant but the determinants arising from 
distinct deter- 


minants decrease with d, and for d=0O when D 1s even the determinant is 


(36) In each case of § 2 of disparity D there are { 


a pair are merely transposed. The orders of these { 


symmetric. 

From the values of D given in (35) we note that these symmetric cases 
occur frequently. 

Two illustrative examples may be worth while. For three ternary quar- 
tics, mM; = Mz = mz = 4, the jacobian is of order 9 and the syzygies available 
for resultants are Jo7, Js,6, J4,5, Js,4, and The first three furnish 
the following forms of R: 


36 28 21 1 1 1 
6 | | | 10 | | | | 15 | | | | | | as | 
10 | a, | ; 6 | a, | 3 | a, | 
10 | 6 | | 3 | | 0 
10 | a | 6 | | as | 3 | | as | 


determinants of orders 36, 28, 24 respectively whose transposed determinants 
arise from the last three syzygies in reverse order. 

For three ternary quintics, m; = mz = m; = 5, and jacobian of order 12, 
the available syzygies are Jss, Js,7, J6,6. Jz,5, Js,4, Jo,3- Four distinct 
forms of the resultant appear as determinants of order 55, 45, 39, and 37 of 
which the last is symmetric. They are 


55 45 36 1 1 1 
10 | | 15 | | 21 | | | | | | | | 
15 | | | | | | 


| as 


we 


of 
al 
I, 
| 
10 | |a| |; |ae| 0 
| 15| | as| 10 | |as| | 6] | as | 
28 3 3 3 
28 | | | | a | 
3 | | 
: 3 | a | 0 : 
3 | as | 
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Let Rx,: be that determinant form of # which arises from the syzygy 


+ + + Bjye™ . = 0 


which exists when R—O. If to this syzygy we add the additional term 
C* ny (my a linear form), then when & = 0 the new syzygy still is valid for 
the value c= 0 and arbitrary y. If to the equations obtained from this new 
syzygy and the original set of additional equations we add the equation, 
é,' = 0, then the new system of linear equations has a determinant A(7", &") 
which is formed from the determinant F# by bordering it with €' under, and 
opposite, the matrix arising from When R=0 
A(y*, €') is a form of orders k, ] in y, € which, for any y, vanishes when and 
only when Hence A(n*, é') = "+ s* where is some form to be 
determined. 

If we start afresh with the syzygy containing #,,, and proceed in the same 
way by adding a term c- é,! and an additional equation, y,* = 0, the eliminant 
of the system of linear equations is A’(é',y*) which factors as before into 
no*+&é '. But the bordered determinant A’ is merely the bordered determinant 
with rows D columns interchanged. Hence A= A’ and ns* = +, 
whence = ye” and é,'. Setting »—é we have A(é&,&') = 
Hence 


(37) If Rui is one of the determinantal forms of the resultant R and 
if Ry. be bordered to the right of, and under, the matrix | a:,- + -,a;| with 
respectively variables & and &', then the resulting bordered determinant 
A(&, &') ts when R =0 the (k-+1)-th power of & where x is the common 
solution. 


We have then a rational integral expression for the common solution x 
when it exists. 

Morley has pointed out that for any 7 given forms, «,,’":, there is a unique 
apolar form of class k + 1— > m;—j, say the form, a,**! i. e. a form for 
which the 7 polar forms, (a,a)™a,**'™:, vanish identically. LHvidently, if 
R=0, and z is the common solution then é,"*' is the common apolar form. 
Since thus A(é, €') is the common apolar form when RF = 0, and is of lower 
degree than F in the coefficients of each of the forms i,’ then A(é€, é') must 
be the unique apolar form when R0. Hence 


The unique form of order > m;—j apolar to one of the sets of j forms 
listed in the introduction is given by any one of the bordered resultants 
A(&, &') which pertain to the given set. 
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6. A New Version. We shall obtain some of the above results in another 
way, in line with Morley’s memoir. We consider forms of the same degree. 
When we wish to pass to those of different degrees we have merely to include 
symbolic factors. Take d+ 2 numbers a, and associate with each 
a member a, B, y,* °°. We are concerned with the sum of homogeneous 
products or complete symmetric function of degree k, 


Ya + Sad + +- 


which (loc. cit.) was called H* (as in Salmon, Higher Algebra, note, p. 290 
of the third edition, 1876). We will write it more explicitly as H;(a, b, ¢,---); 
when a = 0, it becomes H;(b,c: - -). 

Then we have the formula, for any positive integer k 


(1) > «Hy(b,c,- 
provided 
(2) > and Saa—0. 


We define Hy to be 1, and H-; to be 0, so that (1) is true for all integers. 

We see that H;(a,b,c,- - -) —a”"Hz-m(a,b,¢,- + +) contains a only to 
the power Hence H;(abc- - -) - -) loses all powers 
as high as the mth, provided 2m >k. Write this truncated form 


Hy" (a, b,c,° °) 
Write also om for 
Then —>(om—a”™) He-m(b, +) = Hy™(b,0,° +) 
whence, so long as 2m > k, 


We now write (ax)| By: | for 
and (ay)/(ae) for a,- 


these obeying the relations (2). 
Take the case of 5 cubic surfaces; these are denoted by (ar)*-- - (ex)’. 
There are 5 jacobians, for instance 


J (Byde) = | By8e | (Bx)? (yx)? (8x)? (ex)? 
H,(bede) is (By) /(Br) + (yy)/(ye) + (8y)/(8e) + (ey)/ 


m 
or 
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d 
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so that J H,=Jd,. 
Similarly J H,=ZJd>. 
But J Js. 


For in forming J; we are to take all jacobians of degree 3 in y formed from 


(Bx)*, (yx)*, (dz)*, («r)* 
(Bx)*(By), (yr)* (ry), 
(Bx) (By)*, (ye) (yy)?: 

(By)*, 


and the last row contributes no jacobian. So 


JH 
J 


J He = Js. 


Thus J» is a form in @ and y of degree x in y, 8 —n in 2, which is a sum of 
homogeneous products, but is truncated when n > 2. We have then from (1) 


(ax)| ByBe| (yy) , (dy) (ey) )-0 


(Be) (ye) (8x)’ (ex) 
or multiplying by (ax)?(Bx)?(yx)* (Sr)? (ex)? 


> (ax)* J(Byde) = 0 when k = 0 
(ax)*J;(Byde) = 0 when k =1 
> (ax)*J2(Byde) = 0 when k =2 


and we have from (3) 


(ax)*J3(Byde) = (ay)* J (Byde) when k = 3 
= (ay) *J1(Byde) when k = 4 
> (axr)*J5(Byse) = (ay) *Jo(Byde) when k = 5 


and 3 other formulae, which are these with z, y interchanged. Generally then, 
(ax) *In(BySe) = (ay) (By8e) 
if J, and 


The complete list of linear syzygies so obtained may be clearer in another 
notation. Denote the 5 cubics by 


7 
\ 


rom 


a of 


(1) 


en, 


her 


and so on. 


the jacobians by 
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Ji(Byde) by 
J2(Byde) by 


Then the 12 syzygies are 


> BCDEz® 
> Az? : BCDEx'y 


BCDEx'y? = 


> Az? 
> Az’: BCDEx*y'* 
> Az? - BCDEx*y* 
> Aa’ - BCDEx’y® 
> - BOCDExy’ 
> Az*: 

0 

0 

0 


BCDEx’ - 
BCDEx'y 
BCDEx'y? 


= > Ay’: BCDEx® 
= > Ay’: BCDEx’y 
= > Ay’: BCDEx*y? 
= > Ay®: 
= > BCDEx*y* 
= > Ay®: BCDEz*y’ 


= > Ay®: BCDEx*y® 
= > Ay’: BCDExy’ 
= > Ay®: BCDEY’. 


Since x and y may be interchanged these amount to six only. But for the 
application to elimination it is important to have the full scheme. 
In this application we suppose xz to be a common point of By*, Cy*, Dy’, 


Ey® but not on Ay’. 


We have then 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 


We note that hereby J, Ji, - - 


That is we set 


Ba? = Cz? = Dx’? = Ex’? = 0. 


= 
= 
BCDE*y? = 
Az’: = 
BCDEx‘ty* = 


Az’ - BCDEz*y> = 


CDEAa® 


By®- CDEAz’y 
4 
> By’ -CDEAz*y>. 


-, J, are contained in the modulus defined by 


the 4 curves when these curves have a common point. We call the J; the 


adjoint linear forms or simply the adjoints of the given forms. 
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To effect the elimination, we may take (4), (5) or (6). With (4), we 
have the (3) or 56 unknowns 7,°, °° 74°, and the 4 unknowns such 
as (CDEAz*) /Az’. 

We have since y is arbitrary (3) or 20 equations, and also the 4 x 10 
equations got by raising Ba’, Cz’, Dz’, Hx* to quintics. That is we have 60 
equations in 60 unknowns. 

With (5) we have the 35 unknowns 2;*, x,°72,° ++, a,* and the 4x 4 
coefficients of y in (CDEAz'y)/Az*. And we have 35 equations from (5) 
and 4 X 4 by raising the cubics to quartics. That is we have 51 equations 
in 51 unknowns. 

With (6) we have 56 + 4 equations in 20 + 4 X 10 unknowns, namely 
++, and the 10 coefficients of y? in each of (CDE Ax‘y’) /Az*. 


10 
60 


x 4 
(5) 


ons 


ely 


Numerical Functions of Multipartite Integers 
and Compound Partitions. 
By E. T. 


The multipartite integers and certain of their functions introduced here 
have partial arithmetics abstractly identical with that section of rational arith- 
metic (or of the theory of ideals) which is independent of order relations. 
They have immediate interpretations in terms of the algebra of compound 
partitions and their functions, here defined apparently for the first time, and 
they give rise to an extensive new class of properties of such partitions, which 
in turn can be replaced by sets of restricted diophantine equations. In par- 
ticular, as a very special instance of the general theorem concerning a new type 
of arithmetical invariants in § 7, the simpler algebraic aspects of compound 
partitions are related through these hyper-complex integers to the algebra of 
the elliptic and theta functions in a manner abstractly identical with the like 
for a single rational integer; they also exhibit properties which are abstractly 
identical with the algebra of the numerous arithmetical functions of divisors, 
such as the totient, Mobius’ function, Liouville’s function, that originate in 
the unique factorization law. In short, the new properties of compound par- 
titions unite the consequences of elliptic and Dirichlet processes in rational 
arithmetic. The more general relations mentioned have no analogues in the 
usual theory of partitions. The content of the theory is purely algebraic, 
although the elliptic case furnishes many formulas in a shape well adapted to 
asymptotic evaluations, to which I hope to return on another occasion. 

In this paper we give only the simple general theorems underlying the whole 
subject. Applications to special instances, such as the elliptic case, are indi- 
cated only in sufficient detail to clarify the definitions. The entire theory of 
elliptic functions can be transposed into sets of relations between what are 
here called compositions and separations of functions, both of which are 
purely arithmetical processes, and this is but the simplest instance of the 
general theory. 

The new technical terms necessary have all been chosen so as to recall 
the corresponding ones to which they are abstractly identical in rational 
arithmetic. 


1. M-numbers. Let be a one-rowed matrix formed 
from the reduced basis ¢1, of an abelian group G of any finite or 


489 


we 
ich 


490 BetL: Numerical Functions of Multipartite 


infinite order. Any element e of G other than the identity is of the form 
-, in which Qj, ds, are rational integers = 0 not all zero, 
and e uniquely determines the matrix (@1, a2, ds, * * +), which we shall cal] 
the exponent of e. To the identity we assign the exponent (0,0,0,---), 
We shall be concerned with a G whose elements are identical with their ex- 


ponents and hence may be ignored. 
If c is any finite complex number the symbol — will be defined by 
the postulates that — o + ¢—c— and —(—o) does not 


exist, the last of which is imposed to make a certain type of division meaning- 
less when the divisor is the zero of the set. 
We consider the set S of all hypercomplex numbers 


(dui; Axi ) (= 1,2,° °° 


in which & is constant but not necessarily finite, and the coordinates a, 
(r=1,:-+,) are either all finite complex numbers or all equal to — o, 
defined by the postulates (II;) (71,2), of which the second is a mere 
definition. 
(11,) If a; are in S, a; only when ar; —arj ("= +, k). 
(II,) The product aia; of any elements a;, «; in S is the element 


(Q1i + Goi + °° +, Ari + xj) of S. 
The special elements £, « of S, 
f= (— 0, — 0, 0), e= (0,0,° 


are such that fa; =, ea; =e for every a; in S; they are the only elements 
of S having these respective properties, and hence they are called the zero, 


unity of S. 
From the definition of — o and (II,) it follows that if and only if 


a; + , there exists in S a unique solution 


Ge == — Ai, 


of aia, = aj, where a; is any element of 8. We write a, = «;/a; and call it 
the quotient of a; by a. Hence tf 8’ be S with € omitted, S’ is an abelian 
group under multiplication as defined in (II2). 

The product of n equal factors a; in 8 is written ;". 

The elements of 8 are called multipartite numbers of order kor, since k 
is constant in a given context, briefly M-nwmbers. 

We segregate M-numbers into classes according to the customary classi- 
fication of complex numbers. An M-number is said to be rational if each of 


i 
| 
| 
| 
| 
| 
i 
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its coordinates is a rational integer = 0; otherwise it is irrational. A rational 
M-number is called an M-integer if each of its coordinates is = 0; otherwise 
) it is an M-fraction. An irrational M-number is real or imaginary according i 
as none or at least one of its coordinates is of the form a+ 7i/2, where a is “ 
real and z, 4 here (but not later) have their usual meanings. This classi- 
by fication is merely a restatement that M-numbers initially are exponents. 

We shall be concerned here only with M-integers, that is with the set of 
all (a:1,° °°, a) subject to (II;) (7 = 1,2), where the a, (r—1,---, k) 
range independently over all rational integers = 0. 

If a, «; are M-integers, the quotient «;/a; is in general not an M-integer. 
The distinction thus introduced between algebraic and arithmetic divisibility 
is the source of interest of the theory. 


It 2. Divisibility for M-integers. We say that the M-integer a divides 
°s the M-integer 8, and write a| 8, if and only if an M-integer y exists such 
that B=ay. If ae), bx), the necessary and 
sufficient conditions that are 2a, k). 


If §| « and 8| B, 8 is a common divisor of a, B. If 8 is a common divisor 
of a, 8, and if every common divisor of a, 8 divides 8, 8 is called a G.C.D. 
of a, B. Ifa|p, Bl, wis a common multiple of a, 8. If » is a common | 
multiple of «, 8, and if every common multiple of «, B is a multiple of p, ! 
p is called a L.C.M. of a, 8. It follows from these definitions that «, 8 have i 
precisely one G.C.D. and precisely one L.C.M., and that if «, 8 are as above, 
the G.C.D. of a, B is (d,,° - +, d;) where d, = the lesser of a,, 6, (or either 
of these if for r—1,---, k, and the L.C.M. is mx) 
where m, is the greater of ar, by (r—=1,---, k). 

If the G.C.D. of a set of M-integers is the unity, e, the members of the 
set are called coprime. An M-integer 4c whose only divisors are =, ¢ is ° 
called an M-prime. Hence all the M-primes are the k M-integers. 


(1, 0, 0, - (6, 1, 0, - * (6, 


which will be denoted by 2, respectively. An arbitrary M-prime 
will be denoted by 7x. 

If +|aB then at least one of «| a, r| is true. From this and the 
uniqueness of the G.C.D. it follows as usual that an M-integer ae 1s 
uniquely the product of M-primes, except for unit factors (which may be 
ignored). If (a,, a2, ay) the resolution of into its prime M- 


factors is 
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and has precisely the v(«#) = (a, -+1)-:- divisors 
* 0OSd;=a; (j=1,: k). 


From the resolutions of several M-integers into their prime factors we can 
write down the G.C.D. and L.C.M. of the set as in rational arithmetic. Eyvi- 
dently we might have started from (1) and thence have obtained all the 
preceding definitions concerning M-integers, but it is of interest to follow the 
abstract identity of M-integers and rational integers directly from the pos- 
tulates. 

The connection with compound partitions is as follows. Let p, a, £, 

‘+, y be M-integers ~e such that 


(2) p == 
where a, b,- c are rational integers = 0, and 


a= ° : Ux); B= (bi, Ga), * (G1, ° Ck), 
p= *, Me). 


Then (2) is equivalent to 
m; = aay + +° 


which is a compound partition of the set of integers mj (7 =1,--°:, k) if 
these be regarded as constants. The significance of unique factorization of 
M-integers in terms of compound partitions will appear as we proceed. 


3. Separations mod C of M-integers. Let C be a set of rational in- 
tegers > 0; C may contain any finite number or an infinity of distinct ele- 
ments (rational integers), but no element may occur more than once in C0. 
The last is not a restriction on the generality of the processes next considered, 
as will be evidenced later. If C contains the integer n > 0, we write C | n. 

Corresponding to the partitions in the usual sense of a single rational 
integer we shall be concerned here with the separations modulo C of M- 
integers, where C is a given set as above, which are defined as follows. Let 
a; (t=1,--+, 8) be any s M-integers all different from e such that, for « 
a given M-integer, 


where C | c; (t= 1,- 8), and no two of the c; are equal. Indicating the 
set C which contains the c; we write the above in the form 


(3) 01% (mod C) 


&), 
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when necessary. The right of (3) is called a separation mod C of order s of 
g, and the s! separations obtained by permuting the factors a;°* (t= 1,---,s) 


in all possible ways are defined to be identical. When «@ is given and s is 
a constant the number of separations mod C of a of order s is finite, and the 
vi total number of separations of all orders s = 1, 2, 3,- - - mod C of ag is finite. 
ne The set of all separations mod C of « of all orders is called the total separation 
ne mod C of a For every C we assign by convention to e the total separation e. 
i: An example of (3) is given near the end of § 5. It does not follow that for C, 
a given a separation of a (mod (C) exists. 
8 To state the equivalent of (3) in terms of compound partitions, disregard 
' the trivial case ae, and let 
be the resolutions of the a; into their M-prime factors. Since in (3) ae 
(i=1,°--+,8), the a; are ks rational integers = 0 such that 
dis + dei t+ +a >0 (t=1,---,8). 
Let @ be as in (1). Then, comparing exponents of =z; in (3) we see that (3) 
is equivalent to the restricted system of & diophantine equations 
a= Dd aij, C | (tan1,---, 
if 
of where the a (t= 1,-- -,k) are any given k integers = 0 whose sum is > 0, 
s is constant, and the cj, ai; are to be determined subject to the stated con- 
ditions. 
" 4, Numerical functions of M-integers. If f(«) takes a single finite 
# value when @ is any given M-integer, and if f(e) 1, we call f(a) a numer- 
. ical function of « The value of f(a) is to be understood in the usual sense 
- as a definite real or complex number. Hence the value of f(a) is not an 
, M-number, and we operate simultaneously in two domains, that of M-integers 
7 and that of real or complex numbers. 
‘ The following instances of numerical functions will be useful later. Let 
a,b,- be x distinct integers chosen from 1, 2,- -, and let 


be the resolution of § into its M-prime factors. Write 

(5) A(8) (—1)9, Ale) — 1; 

(6) =1, —0 if at least one of p, g,°°°,r>1, 


j 
| 
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and otherwise = (—1)7. Then A(a), »(«) are numerical functions of a, 
while p(a) is not, since p(e) = 0. 

If f(«#B) =f(a) f(8) for every pair of coprime M-integers «, 8, we call 
f(«) a normal function of « Hence, if f is normal and 8 as above, 


f(8) =f (ma?) f(a"). 
If f(«) = g(a) for all M-integers «, we say that f(a), g(a) are equal, 


and write f= 4g. 


5. Separations mod C of numerical functions. Let f be any numerical 
function and @ a constant M-integer. Form the product f(a) f(a): - 
f(%s) with respect to the separation (3), and indicate by >. a sum with 


respect to all orders s = 1, 2, that is, over the total separation of 
Then the finite sum f’(a) defined by 


is a numerical function of «, which we shall call the separation mod C of 
f(«) or, when C is understood, the separation of f(a). If necessary to indi- 
cate C we may write f’(«) (mod C). A separation will always be indicated 
by an accent, as in the left of (7). 

If «= 2", n > 0, where as always z is any M-prime, f’(«) (mod C) is 
connected as follows with certain of the partitions of n, as is seen at once from 
the definitions. Let 

n= + +° + jes 


be any partition of into s unequal integers ny (r—=1, 8) in C, re- 
peated 7, > 0 times respectively. As in the classic theory of partitions the 
sequence of the parts in a given partition is immaterial; thus 7 + 35 and 
35 + 7 are the same partition of 42 in the set of all integer multiples > 0 
of 7. As in a frequent notation we write the above partition in the form 


(ndings (mod 0), 


(8) 


where mod C refers to m, m2,° ++, ms. We call (8) a partition mod C of 
order s of n. Let S, indicate a sum with respect to all partitions mod C 
of all orders s 1, 2, 3,--- of nm. Then, the separation (7) when « =" 


is easily seen to be 


(9) f(a") = De f(a) 


| 
| 


‘ual, 
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By convention, for every mod C, we assign to 0 the unique partition 0, 
and take 
= fle.) =1. 


If f is normal, and ts as in (1),.. 


which can be computed by (9). 


As a numerical example, let C for the moment be the set of all rational 
integers > 0, and consider the separation f’(p’q*) (mod of f(p’q*), 
where p, g are M-primes. Then «= p’q* has only the six separations, as 
in (3), 

(p)*(q)*, (pq)?(q)*, 
(p*)*(q)*, 
of the respective orders 2, 2, 1, 2, 2, 2, the M-integers in parentheses being 


the @, %,° of (3) and the exponents outside parentheses the ¢2,° 
Hence, by (7) the value of f’(p?q*) (mod C) is 


f(p)f(a) +f pa) f(a) + + 
+ f(p?a) f(g) 


If in particular f is normal (but not in general otherwise), 


where f?(q) = [f(q)]*, and so in all like cases. Hence, for normal f, we 
have from the above value of f’(pq) for any f, 


= [f(p) + (f(a) + P(g) + 
Again, corresponding to (8) the partitions mod C for the exponents 2, 3 
in p*q® are 
(2) (12), (3) = (211) = (1°), 
of the respective orders 1, 1, 1, 2, 1. Hence, by (9), we have the separa- 
tions mod C 


Thus, if f is normal, 


(pq?) =f’ mod C, 


of a, 
call ff | 
q 
f a, 
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in accordance with the theorem, and we might have computed f’(p?q*) for 
normal f directly from f’(p’), f’(q°) with less labor. It is clear that for any 
other C than that of the above examples the separations will differ from thoge 
just found, also it is evident that the separations f’(p”), f’(q*) (mod C) do 
not enable us to calculate f’(p?q*) mod C unless f is normal, and so in all cases, 
Separations may exist for one mod C but not for another; for any mod @ 
there obviously are an infinite number of f(a) which have separations. 


6. Compositions of numerical functions. Let a; (j—=1,---, rT) be 
any + M-integers whose product is the constant M-integer «, 


Note that we have not excluded the case, which will always be relevant in what 
follows, when certain of the «; may be «. Attending to the arrangement of 
the factors a, %,-° °°, a, we call the right of (11) a composition of order r 
of n. Thus, if a= and a, ~%, the compositions of order 2 
of « are distinct, as also are ex and ae. 

Let f, fi (1 =1,°--+, 7) be any r+1 numerical functions. For a, r 


constant, the finite sum 


(12) f1(%1) fe(%2)* *fr(ar) 


taken over all compositions of a of order r, is evidently a numerical function 
of the single M-integer a, say f(a). We call this f(a) a composition of 
order r. Clearly f(a) is uniquely known when and f; (1 =1,° 7) are 
assigned. Conversely, as will appear presently, if f be given it is possible 
in an infinity of ways to determine, for r constant, r numerical functions fi; 
(«=1,:--,7) such that, for every a, f(a) is equal to the sum (12). Each 
such determination of the f; (‘= 1,- --, 7) for a given f is called a composi- 
tion of order r of f, and we write 


(13) = fo(%) fr(ar), 


or, omitting all arguments and the sign of summation, 


(14) f=hfife': ‘fr 


as the symbolic equivalent of this composition. The f, f2,° °°, fr are called 
factors of f, and (14) defines a species of multiplication, concerning which we 


have the following theorem. 


Composition as in (14) is associative and commutative. 


Let e =e(a) be that numerical function which is defined by 
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(15) e(e) 1, = 0, 


We call e the unit function of composition, or briefly the unit function, since 
ef =f for every numerical function f. 


If g 1s any numerical function there exists a unique numerical function, 
denoted by g-1, and called the reciprocal of g, such that gg4 =e. 


The proof, abstractly identical with that of a former paper * for functions 
of rational integers, incidentally furnishes the explicit form of g(a) in 
terms of functions g with the appropriate arguments determined by «. It 
need not be reproduced. 

From the existence of reciprocals that of an infinity of compositions (14) 
of a given f as already stated is obvious. 


The set of all numerical functions is an abelian group under composition, 
the identity of the group being e. 


As a detail of notation it is necessary to distinguish between the composi- 
tion of r equal functions and their algebraic product, which also can be taken 
as a single numerical function (when the arguments of all the factors are 
identical) and hence can occur as a factor in a composition. If in (14) 
fi=g 7), we shall write (14) as f—g*. If on the other hand 
the algebraic product [g(a)]" is to be represented with the argument a omit- 
ted, and hence in a form suitable for composition as in (14), we shall write 
the product as (g"). For example, to illustrate both, the composition 
h = f?(g°) signifies, for every M-integer a, the equality 


h(a) = f(a) g(%s) g(%s), 
where > is taken over all sets (a, a, of solutions @, % Of &@ = @ G45. 


%. Separation mod C and composition of numerical functions. Com- 
bination of the stated processes leads to the most interesting properties of M- 
integers, particularly when the theorems, abstractly identical with those prop- 
erties of rational integers or of ideals which depend only upon the unique 
factorization law of arithmetic, are restated as their equivalents in terms of 
compound partitions. All of the properties of compound partitions thus ob- 
tained appear to be new. 

Abstractly, what follows is equivalent algebraically to the simultaneous 
performance of Dirichlet multiplication and Dedekind inversion in an en- 


* Tohoku Mathematical Journal, Vol. 17 (1920), pp. 221-231. 
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larged sense, and the expansion of infinite products whose simplest instances 
are those occurring in elliptic functions. It thus combines, in its simplest 
instance, the multiplicative processes of algebraic arithmetic as given by opera- 
tions upon Dirichlet series and those of the additive that are contained in rela- 
tions between elliptic and theta functions. To composition correspond the 
Dirichlet processes, to separation the elliptic and their generalizations; the 
following combines them. 


Let f =fife: fr be any composition of order r of f. Then 
(16) 


that is, the separation of a composition is the composition of the separations 
of the several factors of the composition. Further, the relation (16), implied 
by f =fife: - «fr, ts the same for all sets C, and hence ts a species of invariant 
of C. This will be evident from the next section. 

Thus far we have considered separations with respect to a single set C. 
Frequently, however, it is necessary in applications to discuss simultaneously 
separations with respect to several sets. Let Cj; (7 =0, 1, 2,---°) be any 
sets defined in the same way as C,, and write ¢;’(«) for the separation $’(«) 
(mod C;), where ¢(a) is any numerical function of Then ¢’; (7 = 0, 1, 
- + +) being numerical functions, the ¢;’ can be taken as factors in composi- 
tions, and the entire preceding theory of composition of numerical functions 
applies to them. Similarly, if y, x, ‘°° are any numerical functions, 
wi’ xi’ (7 =0,1,- -) are defined, and all of $;’, Wj’, xi’,° (7 = 9,1, 
‘+ +), or any subset of them, are subject to composition. We thus operate 
simultaneously in sets of sets as moduli, in analogy with the familiar modular 
systems of algebraic numbers. If all of the ¢,;’, yj’, xj’, °° - considered in a 
given context are normal, there is the obvious extension of (10) available for 
calculations. Examples will be found in § 11. 


8. Generators. It is assumed as usual that indeterminates can be com- 
bined according to the processes of an abstract field, and that equality of 
polynomials or power series in several indeterminates signifies only that the 
coefficients of like power products of indeterminates are equal. As in any use 
of indeterminates in the literature of arithmetic, their introduction here is 
merely a convenience which can be avoided if desired. The suppression of 
the indeterminates however contributes nothing to the logic of the situation. 

If ¢ is a parameter, z any M-prime, « any M-integer, we treat as inde- 
terminates the powers x’, a’ which, by hypothesis, are subject to all the laws 


i 
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of common algebra. In particular, if 8 are any M-integers, = (aB)*; 
(at)" = a"', where n > 0 is a rational integer ; 


== ame, 


For convenience, we now write 7‘ = z, a! = w, where z, « are the symbols 
of a general M-prime and a general M-integer; >}, refers to a sum over all 
M-integers, [[, to a product over all M-primes, and [], (mod C) to a product 
over all m such that C | n, where C is any given set. The result of replacing 
t by nt is the same as that of changing z, w to 2", w™ respectively. 

If f(a), g(a) are any numerical functions, an equation 


f(a)w = Ya g(a) 


is equivalent to f(«) — g(a) for all M-integers a, and hence tof—g. It is 
convenient always to take as the first term of any }, that in which «—e«; 
the sequence of the remaining terms is entirely arbitrary. 

Let several such series }\4 be multiplied together. Regroup the distri- 
buted product as a new Sq, that is, as a series in which the total coefficient of 
a given M-integer « is collected as that of the corresponding w—a‘. The 
product evidently is unique. Hence, the set of all Sa f(«)w, as f runs through 
the set of all numerical functions, is closed under such multiplication of 


series Dia. 
Let f = fife: fr as in (14). Then 


(17) Xa f(%)w = Dafr(%)w X La XK Ba fr(a)w. 
Again, if g be any numerical function, we see that 
(18) TIn [Xa g(%)w"] = La g’(%)w (mod C), 


where as always g’(a) is the separation (mod C) of g(a). 
If h be any numerical function, then 


(19) [1+ = Zah(a)w. 


The series in [ ] on the left may be finite or infinite. 
If g, g™) are reciprocals, then 


(20) 9(@)w X Sagi(«)w—1. 
If h is as in (19), then 
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[1 + (n?)2? +: - 

in which, as always, h-1 is the reciprocal of h as defined in § 6. 

3 In (17) replace w by w", where C|n. Then letting n range over all 

elements of C, we have 


which is equivalent to 
Da f?(%)w = Da fr’(a)w Da fr’ (a) w. 
Hence, if for the moment we write k =f,’f.’: - -f,’, we have 
da f’(%)w = Yak (a) w, 
which is equivalent to the theorem in § 7. 


Returning now to (19) and / normal as there, we shall call the typical 


factor 
(22) H(z) 


the generator of h(a), or of h. Hence the generator of the composition of 
any number of normal numerical functions is the product of the generators 
of the several functions ; from (21), the generator of the reciprocal of a normal 
numerical function is the reciprocal of the generator of the function. 

From (19), (22) we have 


II. (11. ] = (TI. (2*)] = h’(a)w (mod C); 
and hence, if 


we get g =h’, and G(z) is the generator of h’. If H(z) contains more than 


2 terms the explicit determination of g(a/) =1, - may be difficult. 
When H(z) contains only 2 terms, the least number possible, we can apply 
the known elliptic products in a great many instances. 

If as in (17) none of f,,° - -, fr are necessarily normal, the generator of 
f;(«) is defined to be Safj(«)w, and we have precisely the same conclusion 
as in the foregoing theorem. The case of normal functions is however that of 


greater interest. 
In the definition of numerical functions in §4 it is not necessary to 
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impose the condition f(e) 1, which was done merely for simplicity; it is 
sufficient to take f(e) 40. The consequent modifications of all that precedes 
can be readily made. 

Finally, as in § 7, end, all of this section has an immediate extension to 
separations with respect to any set of sets Cj (j—=0,1,-°-). The genera- 
tors corresponding to different sets Co, C:,° : : may be combined by multipli- 
cations and divisions, in several ways. ‘Thus, as the simplest, only those gen- 
erators appertaining to a given C; may be combined. Alternatives will be 
noticed in § 12 after the examples in § 11. 


9. Classes of normal functions and M-integers. Normal functions are 
now classified as algebraic or transcendental, in a technical sense, according 
to their generators considered as functions of two independent indeterminates 
m, 2. The normal h is called algebraic or transcendental according as its gen- 
erator (22) is an algebraic or a transcendental function of z, z. 

If algebraic, h is defined to be of the same species as its generator, for 
example rational, rationa! integral, etc. The generator of a rational algebraic 
h has a canonical form P(x, z)/Q(z, z), in which P, Q are polynomials in z, z 
with no common factor other than 1, and the leading coefficients in P, Q are 
both 1; the case in which one but not both of P, Q is 1 is included. 

If Q = 1 in the above, the normal h generated by P(z, z) is called prime 
or composite according as P(z, 2) is irreducible or reducible in the rational 
domain. Hence, an algebraic h is uniquely of the form 


(23) 9:92° °° Gr 


in which gi (t=1,° ++, 1) are prime functions, kj (j=1,- 8) are re- 
ciprocals of prime functions, no k; is the reciprocal of any gi, and either all 
the gi or all the k; may be absent. We call (23) the prime composition of h; 
it is significant here only if h be algebraic as defined, although it may obvi- 
ously be extended to certain transcendental h. 

To apprehend readily the structure of a given normal function it is useful 
to separate all M-integers into two classes, simple and non-simple. Exactly 
the same principle applies to any set of elements having a unique factorization 
law, and hence in particular to the rational integers. In the latter case we 
may indeed take 7, — the kth natural prime; M-integers then become rational 
integers > 0. 

An M-integer is called simple if and only if it is divisible by the square 
of no M-integer other than the unity «. We shall exclude e from the simple 


J 
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M-integers, which therefore are of the form (j,, j2,° °°, j.) where each of 
ji (t=1,- + +, &) isa definite one of 0,1, and not all are 0. There are thus 
2*—1 simple M-integers if & be finite. A set of simple M-integers every 
pair of which are coprime are called distinct. 

From the definitions it follows that any M-integer ae has a unique 
resolution into a product of powers of distinct simple M-integers ; (j= 1, 


of the type 


in which the s; (j=1,-- +, 7) are rational integers > 0 no two of which 
are equal. 


In the generator (22) of any nornml h certain of the coefficients h (7) 
(j=1, 2, may be identically zero. Retaining only non-vanishing co- 
efficients we rewrite the generator of h as 


(25) 1 + 24 + h (ais) 25a + - 


which may be either a finite or an infinite series; if h is a prime function, 
(25) is a polynomial. The h generated by (25) is completely defined by the 
following properties. Let (24) be the resolution of « into distinct simple 
factors. Then, if any one of s; (i —=1,-°-+-+, 7) is not a member of the 
sequence j:, jo, *, the function h(8) vanishes for B—=«. ‘To state the 
value of h(a) in the contrary case, let 


Then, by (24), the k, +k, +--+ k, M-primes are all different. Write 
H (04) = h (mis) (t= 1, 7). 


Then the required value is 


h(a) = H(o,) H(o2)* -H(or). 


When h(a) is a prime algebraic function its generator (25) contains only 
a finite number n of distinct powers 24+ (t= 1,: - -, m), and likewise for the 
product of any finite number of equal or distinct prime functions. The num- 
ber of distinct powers of z in such a finite generator is called its extent; the 
extent of a function (when significant) is defined to be the extent of its gener- 
ator. The simplest algebraic numerical functions are those of extent 1 and 


their reciprocals. 
To investigate the algebraic relations between a given set of algebraic 
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numerical functions we decompose their respective generators into their irre- 
ducible factors, thereby obtaining the corresponding resolutions (23), and 
from the latter, by multiplications and divisions as in any abelian group, 
write down any number of relations between compositions of functions, in 


_ abstract identity with the set of all relations derived by multiplications and 


divisions in the set of all rational numbers. From these relations we can pass 
at once as in §7 (16) to abstractly identical relations between separations. 
Finally, as noted in § 3, any such relation is equivalent to a theorem in com- 
pound partitions. All the relations in the foregoing are evidently implicit in 
the prime resolutions (23). By obvious modifications we get similar results 
when the functions are transcendental. Irrational algebraic numerical func- 
tions are treated in an evident way by means of their generators regarded as 
power series in 2. 


10. Addition and subtraction. As in all arithmetical theories (rational 
arithmetic, ideals, etc.), there is here a sharp break between the properties 
of multiplication for M-numbers and those of addition as next defined. It 
seems in fact as if arithmetic is essentially two distinct theories, and that only 
adventitious circumstances (in rational arithmetic, but not strictly in the 
theory of ideals or even in that of algebraic integers without ideals) permit 
the two theories to be joined into one. That the nature of these circumstances 
is not fully understood seems fairly clear from the inordinate difficulties en- 
countered in attempts to prove such simple conjectures as that which asserts 
every even integer to be the sum of two primes. The properties of M-integers 
as so far investigated have grown out of multiplication and its inverse division. 
From the above remarks it is reasonable to expect nothing natural when we 
introduce addition, which is now done merely for completeness. It is openly 
ad hoc (like most attempts to define addition for ideals). 

Addition and its inverse subtraction for M-numbers are defined by the 
postulate that polynomials in M-numbers with coefficients in any field are com- 
bined as if the M-numbers were indeterminates. Hence equality of functions 
of M-numbers taken over any field is defined. ‘Those processes are of but 


slight interest ; the next are more significant. 


Since the values of numerical functions are ordinary real or complex 
numbers, the values form a field. Let f(a) be any numerical function of the 
M-integer a, and write f’(a) for its value. Then ifa,b,- ~~, c are any real 


or complex numbers, f(a), g(a), ° h(«) any numerical functions, 


F” (a) (a) + b9”(a) - ++ ch’’(a) 
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is defined as a runs through all M-integers. We say that F’’(«) is the value 
of the extended numerical function 


F(a) =af(a) + bg(«) ch(a), 


or, dropping the argument «@ as before, we define the extended numerical 


function F by 


and this F is merely the symbol for the function which takes the values 
F’’(«) as @ runs through all M-integers « It is clear that F is not in general 
a numerical function as defined in § 4, as is seen from the example 


a+b+-:-+c=0, 


On the other hand extended numerical functions include numerical functions 
as a special case; it suffices to take 


a= 1, 
Let 


be any extended numerical functions, f, g,: --,h, ¢,¥,° °°, x being numer- 
ical functions, and a, b,---,c, p,q,° °°, 7 real or complex numbers. The 
product FG of F, G is the extended numerical function 


apf + aqfy +: -+arfx 
+ + bagy + brgx 


+ + cghy crhx, 


in which f¢, fy, ° - -, hy are compositions of numerical functions as defined 
in §6. Thus composition of numerical functions is a special case of multi- 
plication (as above defined) of extended numerical functions. The sum 
F+ Gof F, G is the extended numerical function 


Hence, the set of all extended numerical functions is closed under addition and 
multiplication as above, and these operations are abstractly identical with addi- 
tion and multiplication in a field. 


As in § 8 we next define the generator of the F above, 
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Da F(a)w = [f(%) + +° h(a) ]u, 
= Daf (%)w + Sag(a)w +: Sah(a)w. 


It follows without difficulty (on comparing coefficients of like M-integers w 
after distribution of the left of the next equation and rearrangement of the 
result into a that if S.F(«)w, Sa H(«)w are given generators as just 
defined of extended numerical functions, there exists a unique generator 
G(«%)w such that 


Da (a)w X Sa G(a)w = Sa H(a)w 


when and only when F(e) 0. Provided F(e) ~0, the extended numerical 
function whose generator is Sa G(a)w is called the quotient of that whose 
generator is }q H(a«)w by that whose generator is a F'(a)w, and the func- 
tion generated by Sa F(a)w is called regular or irregular according as 
F(e) £0 or F(e) = 0. 


The set of all extended numerical functions ts an irregular field * in 
which the trregular elements are the trregular functions and the four funda- 
mental operations are as above defined. 


11. Functions of extent 1 in the elliptic case. When all the prime 
functions occurring in a given application of the preceding theory are of 
extent 1, the relations between compositions and separations of numerical 
functions are particularly simple and interesting, as they are abstractly iden- 
tical with the algebra of the majority of arithmetical functions of rational 
integers depending upon the unique factorization law that occurs in the litera- 
ture. Included in this very special case is another, in which the theory is 
abstractly identical also with the algebra of the elliptic theta functions and 
their quotients. To illustrate several of the preceding definitions and theorems 
we shall give a few examples of the simplest relations in the last instance, 
the elliptic case. 

The theorems selected can be most simply stated in terms of the following 
classes of M-integers. If each of the coordinates aj; (j7—=1,°+-, &) of the 
M-integer «= a) is represented in the form ¢=¢ (2, 
in which z, y,- - - are indeterminates, we say that « is of class ¢. For ex- 
ample, if each a; is a square, necessarily of a rational integer, « is of class 2; 
if each a; is a triangular number, « is of class 7(x + 1)/2; if each a; is a 


* For the postulates of such a field see Annals of Mathematics, Vol. 27 (1925), 
p. 512. The only distinction between a regular and an irregular field is the exclusion 
of an infinity of irregular divisors in the latter instead of but one in the former. 
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pentagonal number, @ is of class (37? + x)/2; if each a; is the sum of 9 
squares, @ is of class x? + y’, etc. In each of these examples ¢ is a quadratic 
form with rational number coefficients. This characterizes the elliptic cage 
above described; the forms may be in any number of indeterminates. 

Let a be any M-integer, « any M-prime, and x a real or complex number, 
A uniform function of x which is also a numerical function of @ may be 
designated by f(z,«). If however we wish to emphasize f(z, «) qua function 
of a, or qua function of x, we shall write f(z, a) in either of the equivalent 
forms f2(«), fa(x), so that 

f(x, = fo(%) = fa(r). 

This device also simplifies printing. 
Let U(x, «), P(x, «) be normal functions of a, 


U(x, a) =Ua(z) =U2(a), Us(e) = 1, 
=Pa(t) =P2(%), Pele) =1, 


defined by the properties: Uc(a") =0 or according asn >1 
or n = 1, where n is a rational integer. Then (see § 8) we have the generat- 
ing identities 


IIe (1 +22) =3.U2(«)w, [Ie (1 = 


and therefore 


that is, (see §6) Uz, P_ are reciprocals and each is a prime function. Re- 
ferring to § 4, (4)-(6), we see that 


Ue(a) Pp(a) 
and hence’ in particular, 
Pi=dA, Pi—1; 
the significance of the parenthesis in (yz?) is explained in §6, end. Hence 
= =e, 
which in non-symbolic form state that each of the sums 
DA(r) 


where > refers to all divisors + of «, has the value 1 or 0 according as «=e 
ora=4e. These are abstractly identical with the corresponding theorems con- 


i 
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cerning rational integers for the functions usually denoted by pw, A. By the 
theory already developed the like extension to M-integers holds for any of the 
uniform functions of divisors of rational integers. 

The separations U,’, P,’, are now known from the definitions, but they 
may be defined independently from the generators. The two definitions are 
of course identical. Consider then 


II, (1 + zz"), TIn (1 — 22")-1 (mod C), 


in which the coefficients of z" are respectively (after distribution of the pro- 
ducts) 
Uz’ (x"), P,’(x") (mod C). 


Let gi(n) be the number of partitions of n into precisely 7 parts, no two of 
which are equal, and all of which are in C. Then, >; indicating a sum ex- 
tending to 11, 2, 3,- - -, we have 


Ua! = at. 
For n=1,:-~-, 6 and C the set of all rational integers > 0, we thus have 
(2) U2’ (x*) = 
= U2’ = 2? +2, 
U2! = U2’ = 22? + 2. 
The equality of successive pairs is not general. Hereafter, unless otherwise 
stated, C is any set as before. Similarly, if >, refers to all sets of rational 


integer solutions 12, 1'3,° = 0 of 
where no two of 7, m2, m3,° * * are equal and all are in C, we have 


Since Uz, Pz are normal, U,’(«), P2’(a#) (mod C) are now known by § 4, 
end, for all M-integers a. Note that z, « play the part of indeterminates, 
disappearing from the final forms. Thus if 


is the resolution of « into powers of M-primes, 
k 
= IT [di 
j=1 


and similarly for the other. 
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Having found these explicit forms we may examine now the meaning in 
terms of rational integers of Uz’ P_c’ =e. Let « be as above. Then all the 
divisors 6 of @ are 

§ = m4 72%: - 0S d; = aj 


and the divisor 8 conjugate to that just written is 


Form U,’(8), P_2’(8’) as above for every pair (8, 8’), take the product of the 
results and sum it with respect to all pairs (8,8). Then this sum has the 
value 1 or 0 according as the given «@ is or is not e or, what is the same, 
according as (a:,° a) isor is not This obviously is a prop- 
erty of compound partitions alone. The like is true, by the theory developed, 
for every theorem concerning compositions and separations of numerical 


functions. 

By giving to x special values, and by properly choosing the set C which 
has been taken as the modulus in constructing U’(«), P’(a), we can apply the 
known product developments of the elliptic theta functions and constants to a 
great variety of separations of numerical functions. The following will be 
sufficient as examples. In addition to the functions A, pw, p already defined 
we shall need u(a@), which has the value 1 for all M-integers a; 6(a), — the 


number of decompositions of the M-integer a into a pair of coprime M-integer 
factors. In the last, if «= By is one such decomposition, and B~y, yf is 
counted as another. 
As in § 7, end, we consider several sets: C) =the set of all integers > 0; 
C, = the set of all odd integers > 0; C, =the set of all even integers > 0. 
By the notation already explained in § 7, if ¢ is any numerical function, ¢,’ 
is the separation ¢’ (mod C;). Hence dj’, pj’, 0)’, °° (7 = 0, 1, 2) are 
defined. For clearness we recall the necessary generators, 
pv, generator 1—z; 
A, 
(1+ 2); 
6, 
(0A), 
v(a), as in § 2, is the number of divisors of a From these generators we see 
by inspection numerous compositions. For example A(pu?) =e, so that A, 
(uw?) are reciprocals; 6 = u(p?); v—=u?; py etc. 
The following illustrates the way in which the remaining examples are 


k 
a 


Integers and Compound Partition 509 


written down. We have the well-known product expansion from the theta 
functions, 

II (1—2/) (1 + 2/) (—1)/ 2%, (j= 1, 
and hence the theorem: the separation (@A)’ vanishes for all arguments 
ae not in class x? (see beginning of this section for definition of class) ; 
if the argument is the M-integer (a,7, a2”, ax”), where aj=O0 (7—1, 
-++,k) and a +a,.+:-+:+a,>0, the separation has the value 
2(—1)*a*--- +a; if the argument is « the value of the separation is 1. 
The significance of the parentheses in (6A) is as in §6,end. Note that (@d)’, 
for any given C, is not equal to #/)’. 

The theta expansions used in writing down the following are all classical 
and easily recognized; there is no need to transcribe them. Write for the 
moment ¢=yp°*. Then the separation ¢,’ has the value zero if its argument 
ae is not in class x (34 + 1)/2; if «=e the value is 1; if 


== (a,(3a, +1)/2,-° +, ax(3a%+1)/2) 


the value is (—1)%*---*%, Next, write 6=p(u?). Then vanishes for 
all arguments not in class x(a—1)/2, while for such arguments it has the 
value 1. The next illustrates the occurrence of two sets in one relation. 
Write ¢ = (p”)?. Then the separation (which is a composition of two separa- 
tions, or a separation of a composition of two functions) pe’ ¢,’ vanishes if 
its argument «=e is not in class 2”; if the argument is (a7, --°, ax’), 
where aj 0 anda, +:--+a> 0, the value is 2. Such 
results can be multiplied indefinitely. 

The next is one of a large class of similar results. Let H(n) have its 
usual meaning as a binary quadratic class number function; write x=p', 


y= Then the separation x.’ for the argument «= (a,° - ax) 
has the value (12(—1 12(—1)%*H(ax)). To recall the 
meaning of yw in this instance, let « = a,42° * :@ be any decomposition of 


a into a product of nine factors. Then the value of yy for the argument 
is 

the sum extending to all sets a1, @,- °°, % . These examples, which can be 
continued indefinitely, are enough to show the meanings of previous defini- 
tions and theorems, which is all that is necessary here. If instead of special- 
izing « to be +1 in Uz(«), P2(«) as in these examples for A, p, we 
take «= exp(= ty), where 7 is the imaginary unit, and combine results as 
directed by the product expansions of elliptic and theta functions of y, we 
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reach theorems concerning compositions of separations, or vice-versa, which 
involve sines and cosines of integer multiples of y. These results can then be 
paraphrased, as in previous papers, into separation-composition theorems con- 
taining functions wholly arbitrary except as to parity. All theorems such ag 
the above concerning specific functions A, are special cases of such 
general paraphrased separation-compositions. 


12. Addition and subtraction theorems. Several of the examples in the 
preceding section illustrate a general situation concerning separations with 
respect to sets that are either the logical sum or product, or the logical dif- 
ference of given sets. If the set C contains (= includes) the set Cj, we 
write C| C;, as in the usual generalization of arithmetical division in the 
theory of ideals. Sets having no element common are called coprime; the 
sum C;,-+ Cy; of two sets is their logical sum; their product CiC; is their 
logical product. Similarly for any number of sets. If C; (j=1,---, 8) 
are such that every pair of them are coprime, the s sets are called coprime. 
The condition that C; s) be coprime is C,C.- - Cs =the 
null set. 

Let C; (j=1, +, 8) be s coprime sets, and write C=—C,+C.+ 
-+++t;. Let ¢’ be the separation of ¢ (mod C), and ¢,;’ that of @ (mod 
C;) ((=1,---,s8). Then, from a consideration of the respective generators, 
it follows at once that 


(26) d’ = * * 


that is, the separation of any numerical function modulo the sum of s coprime 
sets ts equal to the composition of the separations of s functions, each equal to 
the given function, taken to the s moduli composing the sum. 

Let Co, Co, Ce be any distinct s—r sets, r > 0, chosen from the 
sets C; 8), and let the remaining r sets be Cu, Cr, 
so that in some order the Ca, -- Ct, Ca, +, Cy are identical with the 
C,,:++,C,. Let ¢’ be as before, and let x’ be the separation (mod Ch) of ¢ 
(h=a, b,: t, a, ++, also write for the reciprocal of oa, and 
let yx’ be the separation of yw. Write T=C—C,—Cg—:-: -—C;; 
namely, [ is the set which remains when from C are deleted all elements of 
Ca +Cg+-:--+C,, and let ¢” be the separation of ¢ (mod Then 


(27) = da’ do’ ‘de’ Wa’ wp’ 


On the basis of such considerations we can apply the arithmetic of logic 
developed in a forthcoming paper to construct an arithmetic (including the 
theory of congruences) of separations with reference to their sets. 


H 
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Lagrange Resolvents in Euclidean Geometry. 


By M. BLUMENTHAL. 


Introduction. 


1. An Invariant and its Geometrical Interpretation. Consider the com- 
bination 
— (Z2 — %) 


of the four points 2, 2, %3, Z4, in the complex plane. Here 7%; is the conju- 
gate of 2;. It is seen at once that this function is invariant under the trans- 
lation y= 2-+a, and also under the rotation y= tx where ¢ is a turn, a 
complex quantity with unit modulus. For 


(y:1 — ys) (G2 — Ga) (ta, + a — — 2) + a—Z,/t —a) 


== — 2s) Zz) ‘ 


The four points 2, 22, Zs, 4, determine an ordered quadrangle. Denoting 
by 8:3 and 8.4 the lengths of the strokes 7; and — respectively, we 
may write 


Ls) (Ze — = 83524? = 813524 cos 6 + 813924 sin 6, 


where 6 is the angle which 2, — x; makes with 7,—2,. If x» is the point of 
intersection of 7, — x; and — 4, 


313 801 + Sos, S24 = 8o2 + 
and 
813024 cos 6 $(8;2? 8237 84:7) 2N. 


We shall speak of N as the norm of the quadrangle. 
Also we have 
813924 sin 6 = 2A, 


where A denotes the area of the quadrangle. Hence we may write 
(2, — 23) — 2(N + iA) 


i. e., the invariant we set out to examine is seen to express the area and norm 
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of the quadrangle determined by the points 4; (11, 2, 3, 4). We shall 
refer to the expression 2(N + 7A) as the norm-area of the polygon. 
If we write =v and 2, =u, the invariant takes the form 


— 23) (Zz — %) = VU 5 
and since each of v and wu is invariant under translations we have the following 


THEOREM. The norm-area of a quadrangle is unaltered under a trans- 
lation of either diagonal. 


2. The Lagrange Resolvent. In a memoir* devoted to the funda- 
mental principles of the solutions of cubic and quartic equations, Lagrange 
introduced the resolvent 


y= + ea, +: 


where ¢« is a complex nth root of unity. By this notation we shall further 


understand e to be a primitive root. 
It may be observed at once that the resolvent v is invariant under trans- 


lations y= + a, since 


and further, that combinations like vi (wu being a similar resolvent) are in- 
variant under rotations y = tz. 

An extension of the example in § 1 suggests itself. We seek to know 
when it is possible to express the norm-area of an ordered polygon in terms 
of the Lagrange resolvents (and their conjugates) of polygons into which the 
given polygon is decomposed. Viewed from another angle, we wish to know 
“how much ” of a polygon may be translated without altering its norm-area. 

The investigations presented here prove that the norm-area of a 2n-gon 
may be expressed in terms of the Lagrange resolvents of the two n-gons of 
which it is composd. The coefficients in the expression are given explicitly 
as very simple functions of n. 

It is shown that such an expression in terms of the diagonal strokes and 
their conjugates is possible only in the case of the quadrangle. 


* Memoirs of Berlin Academy, 1769; reprinted in Oeuvres de Lagrange (Paris, 
1868), Vol. 3, p. 207. 
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It is further proved that the areas of polygons of mn sides (m+ 2) are 
not expressible in terms of the Lagrange resolvents of the m n-gons. It may d 
m be noted that the areas of polygons are obtained without resort to the “ tri- 
angulation ” process; that is, the areas of polygons are obtained as the ima- 
ginary part of the expression for the norm-area of the polygons. 

It is finally shown that the combination v;i; is the only invariant com- 


all 


ng bination of the Lagrange resolvents of the polygons that is unaltered by the 
group of substitutions (1, 3, 5,- >>, 2n—1)(2, 4, 6,---+, 2n). The ex- 

oa pression for norm-area may be referred to as a lineo-linear invariant of two 
n-gons. 


Part One. Polygons of 2n Sides. 


ge 3. The Hexagon as Two Triangles. As indicated in Fig. 1, the hexagon 
is considered as being formed by the vertices of the two triangles 2,730; and 

Now the determinant * 


*s * The determinant set equal to zero is the condition that the two triangles be 
negatively similar. 
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is seen to be unaltered by the translation y =z -+ a and also by the rotation 
y= tz. Denoting this determinant by A, we have 


=> (x1 — — Ze) — (Zs Ze) 


We may conclude from § 1 that 


Lz) (Ze Ze) (8712 — + 3°36 — 5761) + 210A, 
(Zs — Ls) (Z4 = 4 (8734 — 8745 + 8756 — + 


where A, and Az are respectively the areas of quadrangles 2,72737,_ and 
Adding, we obtain 
—A=2(N 


where NW and A are the norm and area, respectively, of the hexagon. 
To express A in terms of the Lagrange resolvents of the two triangles, 


= 2, + 0%3 Uy = + + 
where w is an imaginary cube root of unity, we note that 


9 
A = Le wig "Lo, Ze — Zo, Lo > 


0 
whence, multiplying the second column by —w(1—vw) and adding to it the 


first column yields 


A =— [1/o(1—-»)] — Voile) 
and hence * 
[1/o(1— wo) ] — veii2) = 2(N +74). 


Since the resolvents are invariant under translations, we have proved the 


* Looking towards the later developpment of the paper we note here that, for 
u, +we,+ wre, and u, =a, + ww, + 
we have 
[1/(1— w)](v,a, —wv,%,) =2(N +iA), 
which may be obtained from the expression above by substituting wi, for @, and 
wi, for @,. 
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tion THEOREM. The norm-area of a hexagon is unaltered by translating 
either of the component triangles. 


4. The Decagon. As the analysis to be employed in the case of the 
2n-gon can be well illustrated in the treatment of the decagon, we shall ex- 


and 

es, 
amine this case in some detail. Splitting the decagon into the four quad- 
rangles indicated in the figure, we obtain 

— %s) Zs) + (41 — 4s) (Zs — Tio) + (%s — Lo) (Ze — Tro) 


+ — (Ze — Zs) = 


Tok) 2(N + 4A) 


= Lok (Lox-1 
k=1 


where NV and A are the norm and area, respectively, of the decagon. The 
Lagrange resolvents considered are 


Vy == + + + + Uy = + + + + 
V2 = + + + + Us = + + + + 
V3 = + e273 + €L5 + Us == Ze e*Zs C210 


Vg == 2, + + + + Uy = Lo + + + + 


where ¢ is a primitive fifth root of unity. 
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The products vii; (1 = 1, 2, 3, 4) can be best written in the matrix 


from 
= ; V3 Lo 


to 


§ 


8! 8 
o 


Noting that the determinant of the matrix is a circulant,* we write symbol- 
ically, 
= = C(1 Be ; 
Writing the function of the vertices 2, 29 obtained as repre- 
senting the norm-area of the decagon, in matrix form 


(1) 


it is clear that our problem resolves itself into finding multipliers A,, A2, As, 
A, such that the matrix 


Avoile + + Agv4ils 


will be identical with the matrix (I). LEquating coefficients leads to only 
four independent equations: 
A,+A,+4;+ 4,=—1, 
«A,+e?A,+ + 4A, 
+ A, + €A; + 2A, 
+€A,+ + A, —0; 


* We should expect the products v,;#,; to be of this form, since, it is well-known 
that if 1, 4,, 4,,--.-, 4, be the n+ 1 roots of «**—1=0, then for any set A, A,, 
-, A, we have (Spottiswoode, Crelle’s Journal fiir Mathematik, Vol. 51, pp. 209-271) 


A, A,----A, 
4 = (— 1) +A, +---+4,) 


(A +4,A, +424, +--+ -+%,"A,) 
(AGA, +474, +---+4,"A,). 


A 
A,, 


| 
| 
1 
« € 
La 0 1—1 0 0 
Ze| 0 0 
Zs} O 0 0 1—1 
Zioi|— 1 0 0 0 1 


trix 


01- 


re- 
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whence 
5A, =1—é,7 5A, = 1— é’, 5A, = 1— e’, 5A,=1—e. 


Hence 
(1/5) [(1 — + (1 — voting + (1 — + (1 — €) 
= 2(N +71A) 
is the desired expression for the norm-area of the decagon in terms of the 
Lagrange resolvents of the two pentagons whose vertices form the decagon. 
Since the resolvents are invariants under translations, we have proved the 
THEOREM. The norm-area of a decagon is unaltered by translating 
either of its component pentagons. 
5. General Case. The 2n-gon. We write the resolvents of each n-gon 
in the compact form 


n-1 

V5 = De (j=1, 2,°°+-,2—1) 
k=0 
n-1 

“= (j =1,2,-°°, n—1) 
n=0 


Now the 2n-gon may be divided into (n —1) quadrangles whose vertices 


are given in the rows of 


1 2 3 4 
2n 1 + 5 
2n—1 2n 5 6 
2n — 2 2n—1 6 7 


and the areas of which exhaust the area of the 2n-gon. We have 


+ *  Lon-1Len — Font) = 


: = Lor — Tox+1) = 2(N + iA). 
In matrix form, this is 


1 —1 0 0 
0 0 
0 0 


| 
y 
1 bd 
(II) 
0 0 0 0 1 
Len --l 0 0 1 
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The products vii; we write, symbolically, as 


V1, = C(1 
Usile = O (1 
Again our problem is to find multipliers A; (i—1, 2,-°-,m—1) 80 


that the matrix 


n-1 
> 


will be identical with the matrix (II). 
We note that e being a primitive root of z*—1—0 corresponding ele- 
ments of corresponding rows of the matrices v;i; are 


_ n~-1 
1, 9 € 


in some order. The desired multipliers A; are determined by the n—1 
linear, non-homogeneous equations ; 


, = 


These equations possess a unique solution, for the determinant of the 
coefficients may be shown to be different from zero (indeed, evaluated) in the 
following manner.* 


€ 

2 4 6. . ga(n-1) 

€ € € € 
=eere?- - (6, 1) 


the symbol on the right hand side being Sylvester’s notation for a continued 
product of the differences (e—.e*?) (e—e*)+--. The function partakes of 
the nature of a square root, having two values corresponding to various per- 


Since 
eee: etl en(n-1)/2 — ] 


* American Mathematical Monthly, Vol. 32 (1925), p. 522. 


| 
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we have the determinant of the coefficients equal to the zeta-ic function. 
The square of this function being the discriminant of the equation 


(1) grit 
we have 
So Se. gee 
Sn-2 Sn-1 Sn °° 


where s; = sum of the ith powers of the roots of (1). 


Since e, +, are roots of (1) 
So = —1, = Sn = — 1, Sp = —1, 
Hence 
—1 —1 —1 —1n—1 
| 
—1 —1”—1 —1 —1 


This determinant can be evaluated readily, yielding 
é, e*-1) (— 1) (n-1) (n-2)/2yn-2 


We proceed to solve the set of n —1 equations in the A’s. 

Evidently, the product of A; by £%(«,«?,- + -, e~1!) is equal to the ori- 
ginal determinant where the elements of the ith column have been replaced 
by —1, 0, 0, - -, 0, or, after some reductions 


n-1 
Ay = (1— e**)/ TI (1—€). 
4=1 
But, since « is a primitive root of «*— 1 = 0, we have 
(x—e) (2 — (2 (x = gn-2 +: ee 
Letting = 1, we obtain 


(1—e)(1— -(1— e*") =n. 


Hence 


Ai = (1/n) (1— e+) 


1, 
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are the solutions of the sets of equations, and therefore are the multipliers we 
set out to find. Whence the 


THEOREM. The norm-area of a 2n-gon expressed in terms of the La- 
grange resolvents of the two component n-gons is given by 


(1/n) (1 — vj ti. 
i=1 


Since the resolvents are invariant under translations it follows imme- 
diately that 


THEOREM. The norm-area of a 2n-gon is unaltered by translating either 


of the component n-gons. 


Part Two. Strokes. 


6. In the previous sections a 2n-gon was considered as being composed 


of two n-gons, and expressions were found giving the norm-area in terms o1 


the Lagrange resolvents of each n-gon. 
In this part, the 2n-gon is thought of as being composed of n 2-gons 
(i.e., n strokes), and we are concerned in ascertaining whether or not the 


norm-area of the 2n-gon can be expressed in terms of the n strokes and their 


conjugates. As before, this is the problem of determining if the norm-area 


of a 2n-gon is invariant under a translation of one of its component strokes. 


We have already seen in § 1 that the norm-area of a quadrangle is ex- 


pressible in terms of its diagonal strokes. We take up the case of the hexagon. 
We have from § 3 
(1) — Tots + Lela — = 2(N + 1A ) 


Let 


Uy = — Us — L535 Ug — Le 
U2.=2.+2;; Us 2 
whence 
01), t2=43(U2+ U2), =4(us + Us) 
43(Ui— = 4(U.— uz), Le = 4(U3 — us) 


and substitution in (1) yields * 


(U2 — Us + U,— Us) (te + U2 + U;) 
+ (U2 + + U,— U;) (ts — tg + U,— 
—2(N 


* Note that though none of U,, U,, U, is invariant under translations, the com- 
binations U,—U,, U,—U, ete. in which they enter the equation are invariant. 
Hence, of course, NW and A are unchanged by translating or rotating the entire hexagon. 


| 

f 

| 

| 

| 
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The terms containing U,, Uz, U; will not vanish upon expanding the left- 


We 
hand side of the last equation and hence we have the following 
se TuHEoREM. The norm-area of a hexagon is not expressible in terms of tts 
three diagonal strokes. 
Corottary. The norm-area of a hexagon is not invariant under a trans- 
ne- lation of one of its diagonal strokes. 
Consider next the case of the octagon. Letting 
her 
U, %— 7s; Uz = Ve — Xe; Us = 13 — V7 Us == — VB 
we get 
ed =43(u+ Le = $(uU2 + U2), Lz = 4(us + Us) 
+ Us), t=3(Ui—th), U2) 
=4(Us—us), %=43(Us— 
bs Substituting these values in 
he 


+ 2s) + 21) = 2(N + 14) 


we obtain 
(U, U3) U4) (uy Us) (ie — iis) + 4(N 1A). 
n. 


As in the case of the hexagon, the terms in U,, U2, Us, Us are present 
and hence the norm-area of the octagon is not invariant under a translation 
of a single diagonal stroke. 

Note, however, that if the same translations are applied to the two strokes 
@;—@, and 73 — 2, the rest of the figure being left unaltered, the norm- 


area of the octagon 1s invariant (since the difference U, — U; is invariant). 
The same statement may be made with regard to the strokes 7.— 2, and 
Ly — Lz. 

For the case of the 2n-gon, we give the formula 


> (tox + Ux) [ (ton-1 + Uox-1) (Uoks1 + Uoxs1) | 2(N + 1A) 
where =— Ui; =U; 1, -, m) and all subscripts are first 


to be reduced (mod 2n), and hence conclude that only in the case of the 
quadrangle is the norm-area expressible in terms of the diagonal strokes 
alone. 


| 
n 
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%. The mn-gon. We give the general formula for the area of the 


mn-gon 
n-1 
DX (84,404, — 84, 400 (j= 1, m) 
4=0 
where Sim==e' (t=1, 2,°° n—1); (7m) and 


and conclude that only in the case of the 2n-gon is the area expressible in 
terms of the Lagrange resolvents of the m n-gons. Hence, the area of an 
mn-gon is not invariant under a translation on one of its component n-gons 
for m2. 

8. We have seen that 


(I) (1/n) > (1 — e+) = 2(N + 4A) 


is an invariant under translations and rotations of the two polygons with 
vertices 21, ° ANd *, Lon. It is easily seen that (I) is 
also invariant under the substitutions (135° - -2n—1) (246: --2n) ap- 
plied simultaneously to each polygon. 

Moreover, the combination v;i; is the only invariant combination of the 
Lagrange resolvents of the polygon that is unaltered by the above substitu- 
tions for 


Apply the substitution and denote by ViU; the transformed 1;%;. 
We have 


= 


and thus we see that only for 7 =7 is the combination absolutely invariant. 
Another invariant of the two polygons, independent of (1) is 


> = 


Lon —1 —1 —1 


> in 
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The Ovals of the Plane Sextic Curve. 


By J. H. McDona.p. 


The maximum number of ovals that a plane sextic can have is 
eleven. The statement was made without proof by Hilbert that the ovals 
cannot be external to each other. The proof of this theorem by Wright 
(American Journal of Mathematics, Vol. 29, 1907, p. 305) is complicated by 
the introduction of considerations which are unnecessary; in particular the 
discussions relating to the shrinkage of an oval and to the approach of the 
variable sextic and cubic may be omitted or replaced by a simpler treatment. 
There is a lack of rigor throughout; the existence of the limit curve with 
eleven acnodes on which the conclusion depends is not clearly demonstrated. 
It seems desirable to complete the proof of this theorem which is of some 
interest not only .in itself but on account of more general questions which 
it suggests. An example of this is given at the end of this communication 
in the form of a theorem regarding the situation of the intersections of two 
nodal cubics. 

It may be taken as proved that if a sextic with eleven ovals external to 
each other exists, an infinite number of sextics may be found having ten 
acnodes and an oval. Let these sextics have equations S,—0 and let them 
be designated by Sn. From each S, a curve Sy, -+ «C,"C2"=0 is formed as 
follows. Let A", B” be two of the acnodes of Sn» and C,", C2” be cubics 
through all the acnodes except B”, A” respectively. The signs are taken so 
that C,"C." > 0 for points on the oval of Sn. Then for small positive values 
of x, Sn + x«C,"C,” =0 is a sextic having eight acnodes, two small ovals 
near A” and B" lying in the part of the plane where C,"C." < 0, and an 
oval lying within the oval of S,. The process of reduction starts again with 
this curve and leads to Sn,:, and for sufficiently small values of & the ten 
acnodes of Sn,, are the original eight and two others lying within the ovals 
arising from A" and B". The last oval is containually diminished and it may 
first be proved that as m increases the cubics C,", C2", cannot approach this 
oval. The cubics C,"*1, C."*! pass through the nine points of intersection of 
C,", C.” since they belong to the pencil of cubics through the eight fixed 
acnodes of the sextic and they also pass through the points A"™*!, B"*! to 
which the ovals derived from A”, B" have shrunk. But these lie in the region 


523 


the 

ith 

is 

up- 

he 

u- 

on). 

+ i, 

|_| 


524 McDonatp: The Ovals of the Plane Sextic Curve. 


where C,"C." < 0 so that if C,"*1 = AC," + uC,” then A and yp have the same 
‘sign and the entire course of C,"*1 —0 is where C,"C." < 0 and the argu- 
ment may be repeated for C."*1—0. Since the ovals of Sy, Sn. lie in the 
region where C',"C" > 0 the shortest distance from C,"*! or C,"** to the ovals 
is greater than the shortest distance from C,", C.” to the ovals. 

The possibility must be considered that in the course of the reduction 
there may be a confluence of the acnodes of S,—0. Suppose first that the 
two variable acnodes converge to a point which is not one of the fixed acnodes., 
This can only occur if they are accessible to each other without crossing C,", 
C.". This convergence can be avoided as follows. Denote the variable ac- 
nodes by A and B and the fixed acnodes by 12...8, and determine two cubics 
by the points 12...7AB and 12...7%A8, and a second pair of cubics by the 
points 12...7AB and 12...7B8, the pairs having a cubic in common. Then 
if the ovals arising from B and 8 by the use of'the first pair of cubics are 
accessible to each other without crossing the cubics, those arising from A and 
8 when the second pair is used are inaccessible to each other without crossing 
the pair of cubics used. This will certainly be true if the points A, B are 
sufficiently close which may be assumed since they are supposed to converge. 
This arrangement being adopted the convergence of A and B can henceforth, 
if it occurs, only be to one of the fixed acnodes. Suppose it to occur and 
denote the fixed acnode by 9. Then a cubic through six of the seven acnodes 
which are remote from the convergent set and through A9B cannot have a 
double point at A, 9 or B, for that cubic would intersect the sextic in twenty 
points and so must constitute a part of it. This is impossible since the sextic 
consists of ten acnodes and an oval. The three convergent acnodes converge 
in such a way that the cubics through the acnodes 12...7 and through any 
two of A, 9, B must in these points make angles with each other approaching 
zero. A pair of these can always be taken so that the ovals arising from the 
points omitted in the determination and called A” and B" originally lie on 
opposite sides of the cubics. 

To complete the proof it is necessary to arrive at a sextic having eleven 
acnodes. Let S,, C,", C2" be normalized so that the sum of the squares of 
the coefficients of each curve equals unity. Then for any curve S, + «0,"C." 
= 0 there is a range of positive values of & such that the further reduction 
may be made. Let kn be the upper limit of the values of k for which further 
reduction is possible, or if & has no upper limit let k» denote a fixed positive 
number. With the increase of n the quantity k, may approach zero. This 
might be the consequence of fulfilling any of the three following conditions: 
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first the double points which remain fixed must not cease to be acnodes, 
second the ovals resulting from A and B must not coalesce, third the last oval 
must not shrink to a point. In case of failure to fulfill any of these condi- 
tions the process of reduction cannot be continued. Taking the conditions in 
order; if an acnode became a crunode for values of kn which tend to zero 
there must be a limiting form of the sextic with ten acnodes and an oval 
such that when the axes are properly placed the equation becomes ay?+ ( )s 
+--+ += 0 where the terms not written are of the order indicated. The line 
y=0 meets the curve at the origin in three points unless the group ( )s; 
vanishes with y. But since the curve has no odd branch there must be an 
even number of real intersections distinct from the origin, hence the group 
( )s contains y as a factor. But a unicursal curve of the form y*+ y( )2 
-+- - -= 0 has two real branches passing through the origin, as may be seen 
from consideration of the parametric representation of the curve; hence the 
limiting curve of the form supposed is impossible, and therefore the value 
of k, cannot tend to zero unless the second or third condition is unfulfilled. 
If the second condition is fulfilled but the value of k, tends to zero the points 
A", B" must approach and by the rearrangement of points described above 
this may be prevented. If the first and second conditions are fulfilled and kn 
tends to zero on account of the third condition then the limit form of the 
curve has eleven acnodes. If all three conditions can be fulfilled it follows 
that xn >g >0. But the assumptions that kn >g>0 and that the last 
oval is not reduced are contradictory. For letting S be a limit curve of the 
set S;, the curve S will have an oval within the ovals of S, and arbitrarily 
close to them for n sufficiently great, and the curve S, + «C,"C." can be made 
to pass through a point within the oval of S withotu requiring k > g; hence 
the limit curve S cannot have an oval. Therefore all three conditions cannot 
continue to be ful,lled; and since the first two can be it follows that the 
limit of k, 0 and S the limit curve has eleven acnodes, which was to be 
proved. 

It might happen that the reduction was prevented by the disappearance 
of the last oval before those due to A” and B”. Supposing this to occur let 
the remaining oval be regarded as the last one in place of the one previously 
so considered. Then there will be a limit curve with an oval whose greatest 
chord is less than that of any other. But this is impossible since the process 
always replaces the last oval by one of smaller greatest chord. Hence no 
sextic with eleven ovals external to each other can exist. 

Throughout this discussion the existence of limit curves is assumed. 
There must be at least one limit curve, since if the coefficients of S, are 
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and (a™)?+ +++ the set of values 
a, ++ * Gs must have a condensation. This gives the coefficients of the 
limit curve 8. 

The theorem which has been proved indicates limitations on the position 
of the intersections of two nodal cubics. Two nodal cubics f, —0, fz 0 
cannot intersect in such a way that the curve f:f.-+c—=0 will have eleven 
ovals external to each other. Suppose one cubic to be y? = 2*(x-+1) and 
a second to have its loop situated on the left of the first curve and above the 
loop of the first. Also suppose that the intersections of the cubics are on 
the branch of the first for which y > 0; then there cannot be nine of these 
intersections because the sextic f,f.-+c—0, c>0, where f; > 0, f2>0 on 
the left, would have eleven ovals external to each other. For there would be 
an oval within each loop, one in the triangular space to the right of the node 
of the second cubic, eight ovals between segments of the cubics and an infinite 
branch. This curve if it existed could be projected into a finite form with 
eleven ovals. Such a curve does not exist. Therefore the position of inter- 
sections of the cubics which had been assumed is impossible. 


if 
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On Isometric Systems of Curves and Surfaces. 


By C. E. WEATHERBURN. 


In the first part of this paper some new theorems are proved concerning 
jsometric orthogonal systems of curves drawn on any surface. The differen- 
tial invariants employed in this connection are the two-parametric invariants 
introduced and discussed by the author in a recent paper entitled “ On Differ- 
ential Invariants in Geometry of Surfaces, with some Applications to Mathe- 
matical Physics.” * In the second part some analogous properties of iso- 
metric systems of surfaces are examined, and an isometric congruence of 
curves is defined. The differential invariants in this portion of the paper are 
the ordinary invariants frequently used in applied mathematics. 


Isometric Orthogonal Systems of Curves. 


1. Consider first an isometric orthogonal system of curves on a given 
surface. These may be taken as parametric curves u = const., v = const. 
Let r be the position vector or the current point on the surface, and let suf- 
fixes 1, 2 denote partial differentiation with respect to u, v respectively. Then, 
with the usual notation, 


E = (0r/du)? = r,’; G = (dr/dv)* = 


Now the necessary and sufficient condition that the parametric curves may be 


isometric is 
(1) 0? /dudv log E/G=0. 
We may write this as 
0/du(#,/E) — 0/dv(G1/G) =0 


from which it follows that + 


\E(EG)* G(EG)*#] 


and therefore, if a, b are the unit tangents to the parametric curves, 


div 


(2) div (a div b— b div a) —0. 


* Quarterly Journal of Pure and Applied Mathematics, Vol. 50, pp. 230-269. 
(Cambridge, 1925). 
Loc. cit., § 4. 
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This equation may be transformed in different ways. First it may he 


expressed 
(3) a.V divb—b.V diva=0. 


Now — div b is the geodesic curvature * of the curve v = const., and div a 
is that of the curve w—const. Also the above analysis is reversible; so that 
if (3) is satisfied the parametric curves form an isometric system. Hence 
the theorem: 


A necessary and sufficient condition that an orthogonal system of curves 
on a surface may be isometric is that, at any point, the sum of the derivatives 
of the geodesic curvatures of the curves, each in its own direction, be zero. 


Again, the equation (2) may also be expressed 
div {(adiva+ bdivb) Xn} 
where n is the unit normal to the surface. Writing 
h =— (adiva-+ bdivb) 
and remembering that curl n = 0, we deduce that 
(4) n-curlh = 0. 


Now we have shown elsewhere + that h is the tangential component of the 
vector curvature of the orthogonal system of parametric curves, and that its 
divergence is equal to the second (or specific) curvature, K, of the surface. 
Since h is itself tangential to the surface, and by (4) also curl h, it follows 
that h is the gradient of some scalar { function of ¢. Thus 


h=V¢ 
and consequently 
(5) K =divh=Y°*¢. 


Again the above analysis is reversible, so that if (4) is satisfied the parametric 
curves constitute an isometric system. Hence the theorem: 


A necessary and sufficient condition that an orthogonal system of curves 
on a surface may be isometric is that the tangential component of the vector 


* Toid., § 8. 
7 “Some New Theorems in Geometry of a Surface,” § 5. The Mathematical Gazette 
(London), Vol. 13 (1926), pp. 1-6. 
t Quarterly Journal, loc. cit., p. 258. 
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be 


curvature of the system be the gradient of some scalar point-function, }, on 
the surface. The second curvature of the. surface is then equal to V9. 


The value of this function, ¢, when the condition (1) is satisfied, may be 
found as follows. The vector h is given by 


Gir: Ere 
° 
Now, with the usua notation, H and G may be expressed * 
E =U, G=AV 


where U is a function of u only, and V a function of v only. Consequently, 
on differentiation we have 


E,/E = G./G — V./V. 
Thus the above expression for —h is equivalent to 


—h=4(¥ log V log V) 


= $V loga 
Thus 
(6) ¢=——Floga 


and the second curvature of the surface is given by 
(7) K =— loga. 
Cor. For any isometric orthogonal system on a developable surface, 
logA=0. 


2. Consider next an orthogonal system of curves cutting an isometric 
system at a constant angle. We have shown + that the vector curvatures of 
these two systems are the same. Hence the condition of isometry is satisfied 
by the new system also; so that: 


Any orthogonal system of curves on a surface, cutting an isometric sys- 
tem at a constant angle, is also isometric. 


A still more general theorem may be proved as follows. We have shown 
elsewhere { that the vector curvatures of two orthogonal systems, cutting at a 


* See the author’s Differential Geometry, § 39 (Cambridge University Press, 1926). 
+ The Mathematical Gazette, loc. cit., § 6. 
t Ibid., p. 6. 
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variable angle 0, differ by the tangential vector curl @n or YO Xn. If then 
the condition of isometry is satisfied by one of the systems, it will also be 
satisfied by the other provided Y0 X n is the gradient of some scalar funce- 
tion. This will be the case provided * 


n-curl n) = 0 
that is 
n-{n-VVO— (V9) divn—n =0. 


The first three terms vanish identically, showing that the required condition is 


= 0. 
Hence the theorem: 


An orthogonal system of curves, cutting an isometric orthogonal system 
at a variable angle 6, will itself be isometric provided V70 = 0. 


The preceding theorem is a particular case of this. 


3. Another form may be found for the condition of isometry of an 
orthogonal system. If such a system be taken for parametric curves, with a 
and b as unit tangents, it may be verified that 


where L, M, N are the second order magnitudes for the surface, and J is the 
first curvature, commonly called the mean curvature. Now M/(HG)* has 
the value a-curl a, being equal to the geodesic torsion of the parametric curve 
v=const. Hence the above equation shows that the orthogonal system will 
be isometric provided 

b.V’a+Ja-curla=0. 


Since bn X a we may state the theorem: 


A necessary and sufficient condition, that a family of curves with unit 
tangent t may form with their orthogonal trajectories an isometric system on 
the surface, is thatn Xt.V*t+Jt.-curlt vanish identically. 


Now the second term of this expression is zero when the curves are lines 
of curvature on the surface. Therefore: 


If a, b are unit vectors in the principal directions, a necessary and suffi- 
cient condition that the lines of curvature may form an isometric system of 
curves ts that b. Va vanish identically. 


* Quarterly Journal, loc. cit., § 13. 
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When the lines of curvature form an isometric system, the surface is 
sometimes said to be isothermic. The equation b. V*a=0 may therefore be 
regarded as the differential equation satisfied by an isothermic surface. 

Isometric Families of Surfaces. 
4. Consider a triply orthogonal system of surfaces 
u(z,y,2) =const., =const., w(2,y,2z) = const. 


Then, in the space occupied by the system, the position vector r of a point is a 
function of the variables u, v, w. Let differentiation with respect to these 
three parameters be denoted by the suffixes 1, 2, 3 respectively, and let 


We may take as our starting point the known property that the family of 
surfaces w = const. will be isometric provided Y°w/(Vw)? is a function of 
w alone, the differential invariants being three-parametric. Now 


(Vw)? =1/e, 


Thus the necessary and sufficient conditions that the family of surfaces w = 
const. may be isometric are 


and 


so that 


0? ab 0? ab 


(1) 


c Ovdw 


We shall express these conditions in terms of differential invariants of the 
unit vector m normal to the surface of the family through the point considered. 
This unit normal is equal to r;/(c)%, so that 


1 
curl n = 2c(ab) C192) 


and therefore 


X curl ) +4 (3) 


1 
(abc) 


Also 


divn = (ab) 


n i 
| 
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and therefore 
curl (ndivn +n X curl n) 


ab ab 


1 6? 


2(abc)% 


0s 


Conversely, if this 


which vanishes if the family of surfaces is isometric. 
Hence the 


tor vanishes identically, the family of surfaces is isometric. 
theorem : 

A necessary and sufficient condition that a family of surfaces with unit 
normal n be isometric is 
(2) curl (n divn +n X curln) = 0 
or curl (ndivn—n- Yn) = 0. 


If this condition is satisfied, the vector n divn +n X curl n is the gra- 
dient of some scalar function ¢. Denoting the vector by H, we may write 
H=VY¢. Also we have shown elsewhere * that the second curvature K of a 


surface of the family is given by 

2K = div (ndivn-+n curln). 
Therefore, when the family is isometric, it follows that 
(3) 2K = div H = 


so that K is half the Laplacian of ¢. 
The value of the function ¢, when the conditions (1) are satisfied, may 


be found as follows. The vector H may be expressed 


one 


0 0 


Ow 


Now @ log (ab/c) /dw is a function of w alone. Denote it by f(w), and put 
Sf(w) dw = log y(w) 


* See §2 of a paper by the.author “ On Families of Curves and Surfaces,” recently 
communicated to the Messenger of Mathematics. 
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so that 


eff (wdw, 


Then 
H=—}3V logc+3V logy 
(4) =4$V log (cy) 
and therefore 
(5) K =} log (cy). 


5. Two consequences of the above theory may be noticed in passing. 
We have shown elsewhere * that, for a family of parallel surfaces, curl n van- 
ishes identically. Hence, if a family of parallel surfaces is also isometric, the 
equation (2) shows thatn X YJ =0. From this it follows that VJ is par- 
allel to m, so that J is constant over any one surface. Hence the theorem: 


If a family of parallel surfaces is also isometric, the first curvature ts 
constant over each surface of the family. 


Next consider a triply orthogonal system of surfaces, and suppose that 
the families v = const. and w = const. are both isometric. Then we have the 
necessary relations 


( 0? ac 6? ac 
(6) J and 
0? ab ab 


From the second and fourth of these it follows that 

0? 0? b 
(7) dvdw dvdw log c 
Now, on a surface u = const., v and w are the current parameters; and the 
second equation (7) shows that the parametric curves on this surface, which 
are also lines of curvature by Dupin’s theorem, form an isometric system. 
Hence the theorem: 


= 0. 


If two families of a triply orthogonal system of surfaces are isometric, 
the lines of curvature on any surface of the other family constitute an iso- 
metric system of curves. 


6. Congruence of Curves. We may define an isometric congruence of 
curves as a congruence which cuts orthogonally an isometric system of sur- 


* Ibid., § 3. 
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faces. It is therefore first of all a normal congruence, so that the unit tangent 
t to the congruence satisfies the equation 


t-curlti = 0. 


Then, since # is the unit normal to the isometric family of surfaces, it also 
satisfies the further condition 


curl (¢divé—t-.-V t) =0. 


These are the equations satisfied by the unit tangent to an isometric con- 
gruence. 

The vector (¢divé—#-.Y #) plays an important part for any congru- 
ence of curves. We have elsewhere * defined the limit surface of any con- 
gruence, by analogy with that of a rectilinear congruence, and have found its 
equation in terms of oblique curvilinear coordinates. We here announce 
(without proof) for the first time the following theorem giving the equation 
of this surface in terms of differential invariants of the unit tangent: 


For a congruence of curves with unit tangent t the equation of the limit 
surface may be expressed 


div Vt) =0 
or div (¢divé+¢# curlt) —0. 


Thus, in the case of a normal congruence of curves, the limit surface is 
the locus of the points at which the second curvature of the family of surfaces 
orthogonal to the congruence is zero. The surface of striction of the con- 
gruence is the locus of points at which the first curvature of the family is 
zero; for this surface is given by divt — 0. 


CHRISTCHURCH, N. Z., 
July, 1926. 


*“On Congruences of Curves,” § 4, recently communicated to the Téhoku Mathe- 
matical Journal; also a paper “On Triple Surfaces, etc.”, Proceedings of the Royal 
Society of Edinburgh, Vol. 46 (1926), pp. 194-205. 
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A Characteristic Property of Certain Sets of 
Trigonometric Functions. 


By M. H. Stone. 


n- 
We shall discuss in this paper the nature of a set of functions {uw} 
2 characterised by certain conditions of orthogonality shared by well-known 
me trigonometric sets, with the aim of showing that the functions u; are neces- 
‘. sarily trigonometric. Before writing down these conditions we state the 
rs conventions which we shall follow with regard to the notation for integrals. 
It is convenient to denote by f f the integral in the Lebesgue sense of a 
function f(z) over the interval (0,1); and only in cases where integrals over 
t other ranges are considered will the limits be indicated explicitly. The func- 
tions uw, (11, 2,° ++), are then restricted to satisfy the following con- 
ditions: 
(1) the set {w;} is a closed normal orthogonal set of real functions of the 
5 real variable x on the interval (0,1); 


(2) the set {vi}, where v; = w;’, is a set of orthogonal functions on the 
interval (0,1); 
(3) the functions u;’” are summable with summable square; 


(4) the functions u; satisfy one of the five sets of boundary conditions 


(a) ui(0) =u (1) 0, 
(b) v4(0) = = 0, 
(c) —u(1) =0, wi(0) —ui(1) 
(d) v4(0) + (1) = 0, + us(1) =0, 
(e) — = 0, (0) — Bous(1) = 0, 
a? — B,? ~0. 


Our work is based on the following two lemmas. 
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Lemma I. The set of positwe constants pi defined by the equation 
Sv? = pi? has + © as its only limit point. 

Suppose that a sequence of values of 1 can be found such that pi—p, 
OSp<+o, Then, by Schwarz’s inequality, 


| —ui(y) | =| (je—y| v2 | )% 
<(|r—y| 


for values of 1 in this sequence. Consequently, the set of functions wu; con- 
stitutes a uniformly bounded equicontinuous family. From this family it is 
possible to select a subsequence converging uniformly to a continuous function 
6(x) on (0,1). For fixed x we find 


fo ur foe, f, “70 
0 0 


for functions in this subsequence, the last limit being a consequence of Bessel’s 


inequality : 
f 1=3( f 
0 1 0 


It follows that f*@—0 whence 6=0. This leads at once to a contradiction 
by virtue of the orthogonality of the set {ui}. We let i be a value in the 
sequence {+} under consideration; then 


fu?=1, fur? 
Lemma II. The functions 
(asf) sinpi(e—y) f(y) dy, 


vi (z;f)= cos pi(z— y) f(y) dy, 


where f(x) is summable on (0,1), converge uniformly to zero with 1/i. 


We give the proof for the function ¢;, that for y; being similar. Since 


if | s—y| < 8, where 8 depends only on f and e, the family of functions {¢4;} 
is equicontinuous. For each value of z on (0,1) we have 


= 


On 


Ps 
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pw py f(y)dy—cos pix (sin py f(y)dy = 0(1) 
0 


by the fact that when p; becomes infinite the two integrals in the middle term 
are 0(1). Because of the equicontinuity of the family {¢;} it follows that 
=0(1) uniformly on (0,1). 

Lemma I shows that with a suitable renumbering of the set {wi} the 
inequalities 0 = p; = p2S- ~~ may be supposed valid. In our further rea- 
soning such a renumbering will be assumed. 

We can now prove the 


THEOREM. The set {ui} satisfying conditions (1)—(4) 1s one of the 
closed normal orthogonal sets of trigonometric functions defined by a self- 
adjoint differential system of the form 


wu’ + pu=0, au (0) + (1) = 0, 
ao (0) + Bow (1) =—0, 12h,=h,=0, 


with linearly independent boundary conditions, and conversely. 


It should be noticed that the differential system does not define a unique 
normal orthogonal set because of the fact that in any normal orthogonal set 
any of the functions may be replaced by its negative. Indeed, in the case 
corresponding to the boundary conditions (4c) and (4d) the situation is even 
more complicated. 

We have 


pr? f Wit = f Ui’ Ux’ = Ui (1) ux’(1) — ui (0) ux’ (0) — f 
whence 


(A) S + wi = wi (1) ux’ (1) — ui (0) ux’ (0) = ain. 


This equation is fundamental in our succeeding work. 

When the boundary conditions satisfied by the set {wi} are of types (4a), 
(4b), (4c), (4d), the constants aj, in (A) all vanish. The closure of the 
set {ui} then requires that uz’ + px°ux —0 almost everywhere on (0,1) for 
k—=1,2,--+-+. Thus the set {u;} must be one of the normal orthogonal sets 
determined by the differential equation wu’ + p?u —0 with the boundary con- 
ditions (4a), (4b), (4c), or (4d). For special choices of k,, k2, a, 81, the 
system written down in the theorem is equivalent to one or another of these 
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systems. With (4a) we have u—+2*%sinwicz; with (4b), uw—=—+1, 
Ui = + 2% cos r(t—1)z; with (4c), 


1, 


= Az COS + Sin 


= pi COS A, Sin 2rlz, ri? + wi? —2; 


with (44), 


Ue2t-1 = Az Cos (21 — 1) + pi sin (21 —1)za, 


= COS (21 —1) au — A, sin (27 AP? +p? —=2; 


When the set {wi} satisfies conditions (4e) the discussion is more diffi- 
cult. We divide it into three subcases. 


Case I. 8,0. We may assume that u,’(1) is different from zero for 
k = «; otherwise we fall back on the case in which the set {u;} satisfies the 
conditions (4b). From (3) and (A) we conclude that 


is a convergent series. The theorem of Riesz-Fischer proves the existence of 
a function f summable with summable square such that {fui =wui(1); and 
the closure of the set {u;} enables us to write 


pr? Ux = Ux’ (1) 


almost everywhere on (0,1). The general solution of this equation is well- 
known. The function w is found to be 


Ur = Ax COS pe sin Ux’ (1) f)/pxs 

Ux’ = — pre pet + COS prt + Ux’(1) Yx (25 f), 
where ax, by are constants depending upon k, and ¢x, yx are the functions of 
Lemma II. The condition wz’(0) = 0 yields = 0. Since only one of the 


functions u; can reduce to a constant, we must have p; > 0, k = 2, and bk = 0, 
k=2. Then from Lemma IT 


ux’ (1) = — sin Pk ux’ (1) 0(1) 


00 00 
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so that 
Ux’ (1) = — dxpx sin px (1 + 0(1)) 

and 

Ux = Ax (Cos prx + 0(1)). 


When this value of u is substituted in the equation f u%*—1, we find 
1 f (cos pxx + 0(1))* = a? (f cos? + 0(1)) 
= ax? [4 + (sin 2px) /4pu + 0(1)] = ax?(4 + 0(1)). 
Hence +0(1), and 
Ux = 2% (cos + 0(1)), 
Ux’ = 2% py (— sin + 0(1)). 
The condition that > u,(1) be convergent shows that cospy—o(1). We 


now consider the boundary condition + Bou(1) On replacing 
ux(0), ux(1) by their asymptotic forms this condition becomes 


+ 2% a+ a,0(1) + B2.0(1) =0 


so that #20. Thus the boundary conditions (4e) must take the form 
u’,(0) = 0, uw(1) In consequence the constants ai, vanish identically, 
with the result that 

pr = 0 


almost everywhere. The remainder of the reasoning is analogous to that of 
the first paragraph in the proof of the theorem. It should be noted that the 
functions v; satisfy the self-adjoint differential system 


+ pr = 0, 


vx(0) = vx’ (1) == 
and therefore constitute an orthogonal set. 


Case II. By the transformation 7’ = this case becomes 
Case I. 


Case III. «8,540. We may assume that u’(0) is different from zero 
for k =, since otherwise we should fall back on Case I. Since 


+ Bitla’(1) = 0 
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we have 
lig = (0) + (1) Ua’ (0)/Bs 
so that 
[Biwi (0) + = 2 converges. 


4 


Hence there exists a function f summable with summable square such that 


f f ui = [Biui(0) + 
As a result 
Un!” = Ux’ (0) f, 
and 
Ux = Ax COS pr + be Sin + Un’ (0) f)/pr, 


Un’ = — Sin. prx + cos pxx + ux’(0) Wx (x; f). 
From these equations we find u’(0) = pbx, and 


Ux = COS + dy (sin + 0(1)), 
Ux = pr [— ax Sin + bx (cos pxx + 0(1))]. 


The equation = 1 shows that 


1 ($ + .0(1)) + 0(1) + bi? ($ + 0(1)). 


Thus dx, b;, which are real quantities in view of the fact that a, —uz(0), 
by, = ux’ (0) /px, must specify a point on the real trace of the conic Cx: 


($+ 0(1)) + ay 0(1) +4? ($+0(1)) =1. 


For large values of & this is an ellipse lying in the neighborhood of the circle 
+-y?==2. Consequently | a, | and | are bounded, and 


(B) ax” + = 2+ 0(1). 

By the convergence of the series >) (Biux(0) + a1u%(1))? we have 
Bitx(0) + eux(1) =o(1). 

The boundary condition of (4e) involving the first derivatives is 


aux’ (0) Biux’ (1) = (0), 
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In these equations we substitute the asymptotic values of the functions u, and 
u,’, and, on dividing the second by px, obtain the relations 


Bide + (ax cos px + sin px) = 0(1), 
bx, + Bi sin pk + by COs pk) om o(1). 


We regard these as equations for a; and b,. In view of (B) their determinant 
must be 0(1), since otherwise we would conclude that a, —o0(1), bg =0(1). 
Hence we find 

— — + Bx”) cos pr = 0(1), 


(E) COS pr — 2481 / + Bi) + 0(1). 
From the boundary condition Bowx(1) we derive the equation 
(F) + Bo (ax COS px + bx Sin px) = 0(1). 


Taking (C) and (F) as simultaneous equations for a; and bx, we notice that 
the determinant of the system must be 0(1) by virtue of (B). This deter- 
minant is 

sin px — BiB>2). 


If sin pp =o0(1), then cosp,—1-+0(1) or cospp——i1-+0(1). In the 
first case (E) yields + 6:7) =—1, ;; in the second, 


20181 /(%1? + Bi?) =1, a These possibilities are excluded by the in- 
equality 8,7=40. Consequently sin pz is not 0(1) ; and a,¢, — BiB.—0. 
We may take a, = £;, B2 =, without loss of generality. Under these con- 
ditions the constants aj in (A) all vanish, so that 


Uy,” = 0, Ux’ (0) Biux’ (1) => 0, 
Biux(0) + = 0. 


The determination of the set {ui} is complete. Since it is clear that the func- 
tions v; satisfy the self-adjoint differential system 


we” + 0, Bre’ (0) + = 0, 
+ Bive(1) =0, 


they constitute an orthogonal set. 


CoroLtary. Under conditions (1)—(4), the set {vi/pi} is a closed nor- 
mal orthogonal set except in the cases (4b) and (4c). 
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It is evident that, if the boundary conditions (4) be relinquished, we can 
still obtain some information concerning the asymptotic character of the func- 
tions ui, v; and the constants p; when 1 becomes infinite. In fact, by the con- 
sideration of proper subcases, we can use the equation (A) to obtain asymp- 
totic forms under all circumstances. The principal result may be stated 
roughly by asserting that the set u; and a properly chosen subset a; of one of 
the normal orthogonal sets described in the theorem above have the relation 
ui— t= 0(1). The fact that we have been unable to apply the properties 
of the set {w;} in such a manner as to obtain more exact information makes it 
seem useless to give any account of these rather tedious investigations. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MASs. 
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The Normal Probability Function and General 
Frequency Functions. 
By M. H. Stone. 


Many years ago Pearson investigated the problem of representing a given 
frequency function as the sum of a number of normal probability functions 
or Gaussian frequency functions. The problem was suggested to him by 
Weldon, who had seen the possibility of resolving a frequency distribution 
encountered in certain biological researches into the sum of two normal dis- 
tributions. Pearson gives a method for obtaining a “ best ” approximation 
to a given frequency function by a linear combination of n normal probability 
functions, but does not consider the convergence of the approximating sums 
when n becomes infinite. In the specific problem raised by Weldon Pearson 
shows that his method yields curves fitting the given frequency curves in a 
highly satisfactory manner.* 

The object of the present paper is to discuss the approximation of an 
arbitrary function f(x) on the interval (— «, + oo) by linear combinations 
of functions of the form e~\‘*-*, where \ and yw are constants, A >0. We 
obtain three theorems concerning the representation of an arbitrary function 
in terms of a given set of functions of this type. This set may be so chosen 
as to include the functions determined by Pearson’s process for a given fre- 
quency function f(z), when those functions are normal probability functions. 
We do not obtain any information about the convergence of Pearson’s sums, 
however. 

In the following pages all functions considered are real functions of the 
real variable xz defined on the infinite interval (— oo, + o) and measurable 
in the sense of Lebesgue on that range. All integrals are taken in the sense of 
Lebesgue; and it should be particularly noted that a function is integrable 
in the sense of Lebesgue if and only if it is absolutely integrable in the sense 
of Lebesgue. 

Our work is based on the Riesz-Fischer theorem for a set of functions 


* Karl Pearson, Philosophical Transactions of the Royal Society, Vol. 185A 
(1894), Part I, pp. 71-111. 
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normal and orthogonal on the infinite interval — <a < + o,* and on 
certain theorems concerning the representation of an arbitrary function f(z) 


by the integral 


2) = (v/r)* dy 


when y becomes infinite. 
We begin by establishing four lemmas. The first deals with the integral 


W, defined above, and may be stated as follows: 


Lemma I. If f(x) is an arbitrary function for which the integral 
W,(f;2) exists for every pair of values (v,z), o, 
then 


limy-soo Wo(f3 2) = f(x) 


almost everywhere. 


Lebesgue has shown that if f(z) is integrable on (— ©, + o) then 


at every point at which f(z) is the derivative of its indefinite integral ; that is, 
almost everywhere. The convergence is uniform on any closed interval com- 
pletely interior to any range on which f(z) is continuous..t The hypothesis 
that f(z) is summable on the infinite interval is unnecessary. We let f(a) 
be a function for which the integral W, exists, as stated in the lemma. For 
instance a sufficient condition for the existence of this integral is that 


| f(z) | =O (eX), a <2, <0. 


We choose any value of x for which f(z) is the derivative of its indefinite 
integral; for it is clear that on any finite interval f(y) is summable, being 
the product of the summable function f(y)e”“®* and the continuous func- 
tion e”Y-2)*, We choose also a fixed positive number o and a value » greater 
than either of the numbers NV and 1/40*: Then for y=vo and for each 
value of y outside the interval (x —o, x the function ig 
a monotonely decreasing function of v, as is readily seen by computing its 
derivative with respect to v. Thus, by choosing a negative quantity A and 


* Plancherel, Rendiconti del Circolo Matematico di Palermo, Vol. 30 (1910), pp. 
290-297. 

7H. Lebesgue, Annales de la Faculté des Sciences de Toulouse, ser. 3, Vol. 1 
(1909), pp. 90-91. 
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om a positive quantity B, both sufficiently large in absolute value, we can write 
r) the inequalities 
A A 
| (v/n)* f |S f f(y) | 
1 se 2 
al S f | 
< 
and, similarly, 
+00 
0; 
where ¢« is a preassigned positive number. Then by Lebesgue’s results 
B 
n 
for v sufficiently large. On adding the three inequalities we see that 
| —f(z) |<e 
8, 
1 | ify is sufficiently great. The lemma is therefore true. 
is We let 0 < Aj, Az, +, indicate the numbers of a monotonely increasing 
) sequence with limit point + 00, and wi, we, * - *, the numbers of a countable 
ir set everywhere dense in the open continuum — «0 <p<-+ oo. We employ 
henceforth the notations 
pit = Wiz = — py) 
e | It is then possible to prove 
‘ 
Lemma II. Wo finite set of the functions dix or of the functions Wix 1s 
linearly dependent. 
: We are to prove that the identities 
8 
Cixhix = 0, > = 0, 
d 


in which the sums are finite sums, imply that the constant coefficients c and d 
all vanish. 

Let > cixdbix =0 be a finite sum in which none of the coefficients van- 
1 ishes. We single out the least value of \; occurring in this sum and denote 
it by A. Among the functions ¢ containing A, there is one containing a 
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greatest value of yx; we denote this function by ¢o, its constant coefficient by 
Co, and the value of px, which it involves by wo. Then we have 


1+ Dd’ cixhix/Copo = 0, Co ~ 0, 


the sum being extended over all the functions except ¢o appearing in the given 
identity. Now it is easily seen that the ratio ix/¢» has the limit zero when ¢ 


becomes positively infinite; for, either 
or 
Dik / ho = (), Pe < pos 
As a result, we can obtain a contradiction by letting x become positively infi- 
nite in the second form of the identity. This proves the first part of the 


lemma. 


Because of the fact that $’i:—— 2dAwix, an identity of the form 
> dinwix implies an identity > ciudix=C, where C is a constant and 
Cik = — dix/2di. On letting x become infinite we see that C must vanish, 


since each of the functions approaches zero with 1/z. From the first part of 
the lemma it follows that the constants c, and therefore the constants d, must 


vanish. 


+00 

Lemma III. Jf f(z) ts a function for which the integrals f f dixdy, 

1,k =1,2,---, east, then the integral W, exists, v= w, and 


+00 

conversely. If f(x) is a function for which ci f dudy = 0, 1,k — 1, 2,-°°, 
-00 

then f(x) =0 almost everywhere. 


To prove the existence of W, we use the fact that if two functions f,, fs 
satisfy the inequality | f, || f.| and if f. is summable on (— 0, + 0) 
then f; is summable on the same infinite range. For any given value of z 
we can choose pw; and pm so that ws< 2% < pm. Then it is easily verified that 
for 


The principle by which the third inequality in each line is obtained may be 
stated in graphical terms as follows: the curve representing a function of y 
is monotonely decreasing and asymptotic to the axis of y; if the curve is 
translated to the left it lies wholly below its original position. It follows that 
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f exists. Thus the existence of W, is established. The 


converse is trivial. 
+00 
Suppose that f diudy = 0, 1,4 =1, We choose as any 
-0o 
value for which W,(f;2) — f(x), since this integral exists and has a limit 
x almost everywhere; we choose p; and pm so that wi < x < pm; and we deter- 
mine a sequence of values px lying on the range wi < » < pm and approaching 
gz as a limit. Then the functions ¢i, corresponding to these values of px 
satisfy the inequalities i 


0< < bi, 0< dim pmSy< +o. 


We now choose a and Bb so that 


| f dixdy + | f | birdy + f | dimdy < «/3, 


n 
a +00 

| — | < 0/3, 
f where ¢ is an arbitrary preassigned positive number. We notice that f(z) is 

summable on (a,b), by reasoning like that used in a similar situation in 

Lemma I. Because converges uniformly to on (a,b) when 

px, approaches xz we can take 
b : 

a a 


by choosing px; near enough to 2. Adding the three inequalities we obtain 


+00 +00 


whence, by our hypothesis, 


+00 
| <e 
-0o 


Since ¢ can be chosen arbitrarily small, i and 2 being fixed, it follows that for 
each pair of values (Ai, x) the integral W),(f;z) vanishes. On allowing % 
to become infinite we find 


Wy, (f3 > 0, Wi. (f3 2) > f(z), f(z) = 0. 


Since in choosing x we had merely to avoid the points of a set of measure zero, 
we conclude that f(x) —0 almost everywhere. 


b | 
| 
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+00 
Lemma IV. If f(x) is a function for which the integrals f vuxdy, 


=1, 2,° - +, east, then the integral 


exists, and conversely; and W,(f;x) eaists. If f(x) is a function such that 


+00 
f = 0, 1,4 =1,2,°- +, then f(x) =c, where cts a constant, almost 


everywhere. 


The proof of the existence of the integral J, is analogous to that of the 
corresponding proof in Lemma III. The existence of W, can then be de- 
duced almost immediately from the inequality 


< | ly—a|>1. 
+00 
We now suppose f(z) such that f f = For 
an arbitrary value of x we can show that J,(f;7) =0, v—Ax, Az, by 


reasoning similar to that of the last part of the proof of Lemma III. We 
next choose a value a for which W,(f;a) — f(a), and an arbitrary value z 
for which W,(f;7) f(x). If we can show that 


I,(f; x) dz = W,(f3 4), v=A1, * 


we have the results 
Wr (f5 — Wr (f3@) 0, Wa, (f3 2%) — Wa (f3a) > f(x) —f(a) =0. 


From the last equation we see that f(x) = f(a) for almost all values of a. 
In order to establish the last part of the lemma we wish to show, there- 
fore, that the integral , I,(f;x)da may be evaluated by integrating under 
a 
the sign of integration in J,, for fixed v and arbitrary finite limits a and b. 


Now forax=z=0b 


4 
d 
j 
if 
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Thus, for 
A 2 2 1 ae 2 
A 


<¢/2(b—a) 


for A negative and B positive and both sufficiently great in absolute value. 
Similarly we have for =a and «<= b 


+00 | 


if A and B are properly chosen. It is well known that 
b 7B 


B 
f f(y) — dy, 
A 
the integration under the integral sign being permissible. Thus we have 


| 2) de — fsb) — 


[(f + ) | de + 


The desired equality follows at once, since « may be taken arbitrarily small. 
We next prove 


THEOREM I. If f(x) is summable on every finite interval, then on any 
finite interval (a,b) a sequence of linear combinations of functions of the 
type e~(-m)* can be determined converging almost everywhere to f(x), the 
convergence being uniform on any closed interval completely interior to a 
range on which f(x) ts continuous. 
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We choose an interval (A, B) including an arbitrary preassigned interval 
(a,b) in its interior. We let f, be identical with f on (A, B) and identically 
zero elsewhere. Then W,(f:;2) converges to f(x) almost everywhere on 
(a,b), the convergence being uniform on any closed interval completely 
interior to an interval on which f(x) is continuous.* 

We divide the interval (A,B) into n equal intervals 4;,---, An. In 
each interval we choose a point 7 —jyp;. Then for y in A; and z in (a,b) 


max | 2Xe-**| (B—A)/n 


< (Cv%/n), 


by the law of the mean. Hence we can write 
Wy(fi3 7) => f f(y) dy 
i=1 Ay 
n 
+ > (v/a) dy, 
i=1 


n 
The first term is of the form > C;‘” e-”‘*-4»)*) ; the second is in absolute value 


B 
less than Ov f |f| dy/nr%. Hence if y—n*, « <1, the last term ap- 
A 


proaches zero on (a,b). In short 


> (a4)? W,a(fi; x) O(n™"1) 


i=1 


uniformly fora=2=b. The theorem results immediately. 


TueEoreM II. If f(x) ts a function whose square is summable on the 
infinite interval (— 0, + ©), then f(x) can be represented by a sequence 
of sums of the form > cixdizx converging essentially uniformly to f(x) on 


(— 0,-+ 0). 


By Lemma II the set of functions $i, can be normalized and orthogonal- 
ized by Schmidt’s process * on the interval (— 0, + 0). The functions 
so defined are linear combinations of the functions dix and conversely. In 
view of this fact and of Lemma III the functions ®; constitute a normal 


* Lebesgue, loc. cit. 
7 E. Schmidt, Mathematische Annalen, Vol. 63 (1907), pp. 442-444. 
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al orthogonal set closed with respect to the class of functions f for which the 
+00 
y integrals f®idy exist, this class being the same as that for which the 
n 
+00 
ly integrals f foixdy exist. Any function f whose square is summable on 
-0O 


(— «©, + ©) can be represented by a sequence of sums selected from the set 


n 
n +00 
i=1 -00 
this sequence converging essentially uniformly to f(z) on (— », + @), in 
accordance with the theorem of Riesz-Fischer in the form given to it by Weyl 
and Plancherel.+ This establishes the theorem, since #; is a linear combina- 
tion of functions ¢. 
For the proof of the third theorem we employ a continuous function 
with the following properties 
p(x) > 0, 
rup(x) > > 0, r—a>+o, a, > 4, 
" Then p? is summable on (— o, + oo), and its integral over that range may 
be taken equal to unity. We denote by g(a) any function expressible in the 
form 
a +00 
g(z) = pf dy— A f prdy, A= pf dy; 
that is, in the form 
+00 
g(2)— phdy fi—f—4p, phdy—0. 
-C 
kK where f and f, are functions whose squares are summable on (— «, + ©). 
7 If g(x) is an indefinite integral, such that g and g’ satisfy the conditions 
g(x) 0, |z| > 
g(x) = O( 24s), t—>-+ 0, 


then f; = g’/p is a function whose square is summable, and such that 


= pfidy = f g’dy. 
-0o -00 


We can now prove 


* Plancherel, loc. cit. 
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THEOREM III. Any function g(x) can be represented by a sequence of 
sums of the form Dd\cipix converging uniformly on the infinite range 
+o. 


From Lemma II and the fact that yiz/p is summable with summable 
square on (— ©, + o) we can form from the set of functions yix/p a nor- 
mal orthogonal set ¥;/p. The functions © are expressible as linear combina- 
tions of the functions y and conversely. Consequently the set of functions f 


+00 
for which the integrals f (f Yi/p)dy exist is identical with the set for 


-0O 


+00 
which the integrals a (f Wiz/p)dy exist. Since the set of equations 
-00 


+00 +00 
f (f ¥:/p)dy = 0 implies the set f (f Wix/p) dy = 0, it implies also that 


f(x) reduces almost everywhere to a constant multiple of p(x), by Lemma IV. 
The set of normal orthogonal functions composed of p and the functions ;/p 
is closed with respect to the class of all functions f for which the integrals 


+00 
f pdy, J (f ¥i/p)dy exist. We now employ the theorem of Riesz- 
-00 -00 


Fischer to show that, if f, is a function with summable square for which 


+00 
f dy 0, 
-00 
n 
lim J — = 0, 
4=1 


+00 
where cj = f:¥i/p dy. Thus, by Schwarz’s inequality, 
-0o 


| | s — 3 ay) 
<( ay )"<e 


for n sufficiently large. In other terms, the sequence 


(p-%/p)dy = Seu J 


dy = cirdix 
-0O 
converges uniformly to g(r) = f Pfidy on the range 
-0o 
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On (3,3) and Higher Point Correspondences.” 


By Rick HoLiucrort. 


1. Purpose and general definitions. The classification of (2,2) point 
correspondences between two planes was made in 1917 by F. R. Sharpe and 
Virgil Snyder. Since then (2,3) point correspondences have been classified 
by the same methods.{ There are also some earlier papers that discuss cer- 
tain correspondences but make no attempt at classification. References to 
these are given in the papers on (2,3) point correspondences. 

Point correspondences are said to be classified when all the algebraic 
curve systems defining such correspondences are found that are not reducible 
to each other by birational transformations. 

In the present paper it is proposed to classify (3,3), (2,4), (38,4) and 
(4,4) algebraic point correspondences and give the principal features of each. 
The (3,3) correspondences will be treated in some detail, but only the essen- 
tially different features of the others will be discussed. 

Point correspondences between two planes, both multiple, may be either 
involutorial or not involutorial. The latter are called general correspondences, 
the former, compound involutions. In a general (3,3) point correspondence, 
to any point P’ of the plane (2z’) correspond three points P,, P2, P; of the 
plane (x). The image of P, is P’ and two other points P,’ and P,;’”’; that of 
P, consists of P’, P.’, P.’’ and that of Ps: P’, P;’, Ps’, all distinct points. 
Going back to (x), to P,’ correspond P;, Ps, P;; to correspond P,, Ps, 
ete. The correspondence does not close up, that is, starting with an arbitrary 
point in either plane, any number of points in either plane can be obtained by 
repeating the transformation. In the case of a (3,3) compound involution, 
however, the correspondence closes up after the second application. To a 
point P’ of (x’) correspond three points P,, Pz, P; of (x) to each of which 


* Presented to the American Mathematical Society, February 26, 1927. 

7 F. R. Sharpe and V. Snyder, “Types of (2,2) Point Correspondences Between 
Two Planes,” Transactions of the American Mathematical Society, Vol. 18 (1917), pp. 
409-414. 


tT. R. Hollcroft, “A Classification of General (2,3) Point Correspondences 
Between Two Planes,” American Journal of Mathematics, Vol. 41 (1919), pp. 5-24; 
“On (2,3) Compound Involutions,” American Journal of Mathematics, Vol. 43 (1921), 
pp. 199-212. 
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correspond the original point P’ and two other points P,’, P;’, and the images 
of either P’, P,’ or P,’ are the three points P;, P2, P; of (x). In this case, 
one point of either plane determines only three points of each plane. 


2. Properties of the general correspondence. In the general (3,3) 
point correspondence, a type is distinguished and defined by two equations, 
each containing the coordinates of both planes. Independent types are those 
whose defining equations can not be reduced to those of another by any bira- 
tional transformation. There are fifteen independent types of general (3, 3) 
point correspondences. 

The defining equations of a general point correspondence between two 
planes (x) and (2’) may be written as two algebraic equations of the form 


u(x) ux’ (2’) =0 
= (2) vx = (0). 


For any set of values of the 2;’ [2;] these equations represent two curves of 
(x) [(2’)] intersecting in three non-basic points which are the images of 
the point defined by the original set of values of x;’ [2]. In addition to 
the point correspondence, the defining equations establish a transformation 
between the two planes such that to a line C,’ of (x’) [C, of (x) ] corresponds 
a curve Cn(x) [Cn’(x’)] of order n and genus p through the basis points of 
(x) [(2’)]-* 

In any (3,3) point correspondence, the general features of both planes 
are the same, differing only because the defining equations of the two planes 
differ. In the remainder of this section, the general properties will be given 
for only one plane, but they will apply equally well to the other. 

To a point P’ of (z’) correspond three points of (2) which describe the 
image curve C,(xz) as P’ describes the line C,’. To the point of inter- 
section of two lines of (z’) correspond in (z) three non-basic intersections of 
the two curves which are the images of these lines. These three image points 
always lie at the intersections of the two curves of (xz) given by the defining 
equations for the set of values of 2;’ determined by the point P’ of (2’). 
The images are distinct points except for points on certain fixed curves. 

If two of the three image points of (a) coincide, the point P’ lies on the 
branch-point curve of (z’) which will be denoted by LZ’. The locus of the 
corresponding coincidences is the coincidence curve of (x) denoted by K. 
The locus of the third image point in (x) is the residual curve denoted by G. 
Both K and G are in (1,1) correspondence with LZ’. When all three image 


* For an explanation of basis points see Hollcroft, loc. cit., (first paper), page 7. 
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points coincide, K and G have a common tangent at the coincidence and P’ 


Ages 
be isa cusp on L’. The image of L’ is K?G. Aside from basis points, the only 
singularities of L’ are cusps. K and G each have the same genus as L’, but, 
aside from basis points, their singularities are not further restricted. 
3) The following relation exists among the intersections of the coincidence 
7 and residual curves with the respective branch-point curves of the two planes. 
ee The contacts of K and L increased by the intersections of G and L equal the 
i: contacts of K’ and L’ increased by the intersections of G’ and L’. 
. If a line C, meets K and G in 7 and j points respectively, its image 
C,’(a) has contacts and j intersections with L’. The image of Cn’(x) is 
- counted three times and a residual curve that cuts C, in 2d +7 points cor- 
responding to the d non-basic double points of Cn’ and the 7 contacts of L’ 
and C,,’. 
3. Types. The fifteen independent types of general (3,3) point cor- 
of respondences will now be enumerated. Each type is established by a set of 
of defining equations as described above. Special cases may be common to two 
Pe or more types. In the following table, the types are denoted by Roman nu- 
ne merals and opposite each is given the description of the curves constituting the 
ee defining equations belonging to that type. The symbol Cn; 7P; represents a 
of curve of order n which has j basis points each of multiplicity 1. 
Type Ux (x) Ux’ (x’) (@) vx (2’) 

es I Cs Cs; 

es II Cs 

III Fae C; Ci; P; 
IV C2; C2; Pi 

le V C;; 6P, C3; 6P, 

VI Co; 8P; O;; 

VII C,; 2P,; G 

VIII C,;P, C,; P; Ca; Pa-s Cx’; Pa’-s 

x SP, Pace Cy; 8P3 
XI 9% Fi C2; P, C.;P; 

XII C2; C3; C2; Py C3; 6P, 

2 XIII C,; 6P; C,; 6P, Cs; 6P; C3; 6P, 
XIV C3; C3; 8P, C3; Cy; 
XV O75; SP, SP, Oo; 8P3 C,; SF, 


The methods by which the characteristic curves of each type are obtained 
are similar to those used in the paper on general (2,3) point correspondences 
cited in section 1. 
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4. Completeness of the classification. In order to show that the classi- 
fication is complete, it must be proved that the defining equations of any gen- 
eral (3,3) point correspondence are birationally equivalent to the defining 
equations of some one of these fifteen types. To establish a general (3, 3) 
point correspondence, it is necessary and sufficient that in both planes the two 
curves given by the defining equations intersect in three and only three non- 
basic points, provided that in neither plane both the curves given by the 
defining equations belong to nets or pencils. The six curve systems employed 
in the above fifteen types are as follows: line and cubics; line pencil and 
curves of order n with a point of multiplicity n — 3 at the vertex of the pencil; 
conics with one basis point; cubics with six basis points; cubics with a double 
and a simple basis point through both of which pass conics; cubics with eight 
basis points and curves of order nine with triple points at each of them. 

From these six curve systems can be obtained forty-two sets of defining 
equations of which twenty-seven are either reducible to the remaining fifteen 
or else do not define a genera! (3,3) point correspondence. The latter is true 
of all those for which in either plane both the defining curves form nets or 
pencils since in these cases the correspondence is a compound involution. 
Also when the fact that one of the components of a defining equation forces the 
other component to be also a pencil, the correspondence established is usually 
a special case of some type. For examples of this and of sets reducible to other 
sets by means of birational transformations, see the paper on general (2, 3) 
point correspondences cited in section 1. 

It now remains to be shown that any curve system that has three non- 
basic intersections is birationally equivalent to some combination in the 
above six systems. The proof for this is essentially the same as that for 
(1,2) and (1,3) plane involutions and was first used by Bertini * in reducing 
(1, 2) involutions to three types. 


5. Compound involutions. Every (3,3) compound involution can be 
expressed as a combination of two (1,3) involutions and one birational trans- 
formation. 

Assume that a (1,3) involution has been established between two planes 
(y) and (x). Then to a point P of (y) correspond three points P,, P2, Ps 
of (xz) and to each of these points of (x) corresponds the point P of (y). 


* E. Bertini, “ Ricerche sulle trasformazioni univoche involutorie nel piano,” Annali 
di Matematica, Ser. 2, Vol. 8 (1877), pp. 244-286. 

+R. Baldus, “ Zur Theorie den gegenzeitig mehrdeutigen algebraischen Ebenen- 
transformationen,” Mathematische Annalen, Vol. 72 (1912), p. 33. 


‘ 
\ 
i 
iG 
i 
i 
i 
i 
g 
| 
| 
J 


=) 
> 


Hotucrort: On (3,3) and Higher Point Correspondences. 557 


Also to lines of (x) through P;, P2, or P; correspond rational curves of (y) 
forming a net and all passing through P. Assume further that a (1,3) invo- 
lution has been established between the planes (y’) and (2’) such that to a 
point P’ of (y’) correspond the points P,’, P.’, P;’ of (2’). 

The planes (y) and (y’) contain nets of rational image curves through 
the points P and P’ respectively. Since any two rational curves are bira- 
tionally equivalent, a (1,1) correspondence exists between (y’) and (y) such 
that P corresponds to P’ and P’ to P and such that all curves in (y’) that are 
images of rational curves of (z’) and all curves in (y’) that are images of 
rational curves of (2’) are transformed reciprocally one into the other. 

Then to each of the three points P,’, P2’, P;’ of (2) corresponds P’ of 
(y’) to which corresponds P of (y) to which correspond P;, P2, P; of (2). 
Reciprocally P2, Ps ~P~P’ ~ Py’, P2’, P;’. Between the planes (2x) 
and (2) there is thus established a (3,3) compound involution. 

The curves of either plane are transformed into curves of the other by 
three transformations, two rational and one irrational. Since the two planes 
(y) and (y’), are birationally equivalent, they may be considered the same 
plane in which the two systems are rationally separable. Then the image in 
(x’) of a curve of (2) is obtained by applying to its image in (y) considered 
as being also in (y’) and as retaining its basis points as fixed points of (y’) 
the transformation from (y’) to (#’). A similar series of transformations 
relates to 

If two of the three images of a point P’ of (2’) coincide, P’ is on L’, 
the branchpoint curve of (z’). The locus of the corresponding coincidences 
in (2) is the coincidence curve K and the locus of the third image point is 
the residual curve G. XK is the Jacobian of the net of curves in (x) that are 
images of the lines of (y). The image of L’ is K counted six times and G 
counted three times. The complete image of either K or G is L’. The 
curves L’, K and G are not in (1,1) correspondence as in the case of general 
(3,3) point correspondences. The non-basic intersections of K and G are 
all contacts to each of which correspond three cusps of LZ’. The three images 
of each of these three cusps coincide at the point of contact of K and G. 
The same general relations hold for L, K’ and G’. 

The non-basic intersections of Z and K, of LZ and G, of L’ and K’ and 
of L’ and @’ are all equal in number and are all contacts. To each contact 
of Z and K correspond a contact of L’ and K’ and a contact of L’ and @’. 
To the associated contact of L and G corresponds the same contacts of L’ and 
K’ and of L’ and G’ and the image of each of these is the original pair of 
contacts of Z and K and of L and G. 
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6. Types. 
spondences.* 


Type I. 
Type II. 
Type III. 
Type IV. 
Type V. 
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These types are defined as follows: 


There are five independent types of (1,3) point corre- 


Lines and cubics of a net. 

Line pencil, vertex P and C, with (n —3)-fold point P. 
Two nets of conics with one basis point. 

Two nets of cubics with six basis points. 

Pencil of cubics and net of Cy, with 8P; at basis points of 


pencil. 


Fifteen types of (3,3) compound involutions are obtained by combining 
the types of (1,3) involutions in all possible ways. In the following table, 
the Roman numerals refer to the types of (1,3) involutions, and the Arabic 
numerals to the types of (3,3) compound involutions. Any type of (3,3) 
compound involutions is established by combining the (1,3) invelutions in 
its row and column. The (1,3) involutions in the row are those relating the 


planes (2’) and (y’) and those in the column relate (7) and (y). 


I II III IV 
I 1 2 3 4 5 
II 6 7 8 9 
10 11 12 
IV 13 14 
V 15 


The proof that these are all the possible independent types of (3,3) 
compound involutions follows immediately from the fact that every (3,3) 
compound involution can be established by two (1,3) involutions and that 
there are but five independent types of (1,3) involutions. 

The characteristic curves of each type can be readily found by the general 
method outlined in the preceding section. 


7. Pencil cases. The theorems proved for (2,2) and (2,3) compound 
involutions hold for all compound involutions and may be stated as follows: 


I. The necessary and sufficient condition that a multiple point corre- 
spondence be a compound involution is that the image curves in either plane 
form a net. 


II. A sufficient condition that a multiple point correspondence be a com- 


* A. M. Howe, “A Classification of Plane Involutions of Order Three,” American 
Journal of Mathematics, Vol. 41 (1919), pp. 25-40. 
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pound involution 1s that in etther plane both components of the curve system 
defining the image points form pencils. 

In accordance with Theorem II, the fifteen types of general (3,3) point 
correspondences become compound involutions when the defining equations 
each have but two homogeneous parameters. In the following tabulation, the 
pencil form of each general (3,3) point correspondence type (Roman nu- 
meral) is a special case of the (3,3) compound involution type (Arabic 
numeral) given with it. 


I, I, III, IV, VII, VII, XI. 


8 Cyclic cases. In Types II, IV and a special case of Type V of (1,3) 
involutions, the three image points form a cyclic projectivity of period three.* 
Those (3,3) compound involutions formed from these types retain this prop- 
erty of the image points in one or both planes, depending on whether the 
compound involution is established by one or two (1,3) involutions of this 
kind. In a (1,8) involution there is but one set of three points determined 
by two lines of the triple plane and forming a cyclic projectivity, but in a 
compound involution two lines of one plane determine several triads of points 
in the other plane, each triad forming a cyclic projectivity of period three. 
The following table shows the number of triads in each plane for a given type 
of (3,3) compound involutions. Types involving Type V of (1,3) involu- 
tions are not the most general (3,3) compound involutions of those types. 
In other cases the types are entirely general. 


Types Number of triads in 
(x) plane (x’) plane 
6 Qn’ +1 Qn +1 
8 36 2n +1 
9 63 
13 36 36 
14 63 36 
15 63 63 


* A. M. Howe, loc. cit., pp. 39-49. 
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9. (2,4) Point Correspondences. . For the general correspondence, the 
defining equations are of the same form as those of section 2 except that now 
the curve system of (x) defines four and that of (2’) two non-basic points, 
The essential difference between any two general point correspondences con- 
cerns the branch-point curve and its images, so these will be the only features 
discussed. 

Given a pair of equations defining a general (2,4) point correspondence 
between the two planes (7) and (2’) such that to a point of (x’) correspond 
four points of (x) and to a point of (x) correspond two points of (x’). The 
curve L is the locus of points of (2) whose two images in (2’) coincide, and 
the complete image of L is the coincidence locus K’ counted twice. The curve 
L’ is the locus of points two of whose images in (x) coincide. The complete 
image of L’ is KG, where K is the locus of the two coincident points and ¢ 
is the locus of the two residual non-coincident points. The complete image 
of K is L’ and the complete image of ¢ is L’”. 

When three images of a point P’ coincide, P’ is a cusp of L’ and the triple 
coincidence lies at a contact of K and G. When a pair of coincidences cor- 
responds to P’, P’ is a node of L’ and the two coincidences lie at two inter- 
sections of K and G such that the line joining them is tangent to G at both 
points of intersection. All four image points can not in general coincide 
since the curves of the system defining the four points can not in general have 
four point contact. 

The intersections of Z with K and G are all contacts and those of L’ and 
K’ are as many contacts as the contacts of Z and K and as many intersections 
as the contacts of Z and G. 

A (2,4) compound involution is equivalent to the involution product 
(2,1) (1,1) (1,4). The discussion of these is similar to that previously given. 
In the classification of (1,4) involutions, nine independent types were found* 
and these may be combined with the three types of (1,2) involutions in 
twenty-seven ways, so there are twenty-seven independent types of (2,4) com- 
pound involutions. 


10. (3,4) Point Correspondences. When the defining equations deter- 
mine four non-basic points of (av) and three of (2’) a general (3,4) point 


*T. R. Hollecroft, “ Plane Involutions of Order Four,’ American Journal of Mathe- 
matics, Vol. 44 (1922), pp. 163-171. Professor F. R. Sharpe has called my attention 
to the fact that in the (#) plane, the net of image curves of Type 9 of (1,4) involu- 
tions is reducible to the net of image curves of Type 8 by quadric inversion. Type 9 
should therefore be omitted and there remain nine independent types of (1,4) plane 
involutions obtained by the method of this paper. 
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correspondence is established. The curve L’ is now the locus of points two 
of whose images coincide on K and whose third image lies on G. The curve 
L is the locus of points which have two coincident images on K’ and two 
distinct images on G’. Both nodes and cusps occur on L but L’ has only 
cusps. Certain types have triads of points in (2’) forming cyclic involutions 
of period three similar to those discussed in section 8. 

A (38,4) compound involution is equivalent to the involution product 
(3,1) (1,1) (1,4). Since there are five types of (1,3) and nine types of 
(1,4) involutions, there are forty-five independent types of (3,4) compound 


involutions. 


11. (4,4) Point Correspondences. When the defining equations deter- 
mine four non-basic points in each plane, a general (4,4) point correspond- 
ence is established. Both Z and L’ now have properties similar to Z of the 
two preceding sections and both K and K’, G and G@’ now have properties 
similar to those of K’ and G’ of the two preceding sections. 

A (4,4) compound involution is equivalent to the involution product 
(4,1) (1,1) (1,4). The nine birationally distinct types of (1,4) involutions, 
when combined each with itself and with each of the others, give forty-five 
independent types of (4,4) compound involutions. 


12. Types of general (2,4), (38,4) and (4,4) point correspondences. 
There are, respectively, 30, 65 and 78 independent types of general (2,4), 
(3,4) and (4,4) algebraic point correspondences. These are exhibited in the 
following table. 


In the uppermost row of the table are given the eleven birationally inde- 
pendent types of algebraic curve systems of the (a) plane that define four 
points.. In the column at the left, the first three curve systems are three bi- 
rationally independent curve systems of the (2’) plane that define two points. 
(The Bertini curve system C3, 8P,; Ce, 8P2, when combined with any curve 
system always defines an involutorial transformation. The system of two 
conics with two basis points is not an independent (1, 2) involution type when 
combined with two lines, but, in general, it forms independent types when 
combined with curve systems defining two or more points.) 

The independent types of general point correspondences are defined by 
equations of the form given in section 2 in which the uz; v% are the curve 
systems given in the row and 1’; v;’ the curve systems given in the column. 
Each number denotes a type whose curve systems are given in the row and 
column in which the number is found. If the number has no subscript, the 
two curve systems occur in the defining equations in the order given, that is, 


= 
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the first parts of each curve system form the first defining equation and the 
second parts of each curve system, the second defining equation. For ex. 
ample, Type 1 of general (2,4) point correspondences is established by two 
defining equations, the first formed by C,(z) and C,(2’) and the second by 
C,(z) and C,(2’). If the type number has the subscript r, the equations are 
formed by reversing the order of either set. For example, Type 2 of (2, 4) 
point correspondences (denoted by 2,) is established by equations, the first 
formed by C,(x) and C.(2’) and the second by C,(#’) and C,(x). The 
combination corresponding to a space in which no number is given is hira- 
tionally equivalent to some combination for which a number is given. Al! for 
which numbers are given are birationally independent of all others for which 
different numbers are given. 

After the first three rows, the next six [last eleven] in the column at the 
left, contain the six [eleven] birationally independent algebraic curve systems 
that define three [four] points, and in the six [eleven] rows opposite these are 
found the type numbers corresponding to combinations of curve systems that 
define independent types of general (3,4) [(4,4)] point correspondences, 
The last curve system C.,2P,; C1, Ps, P; defining four points combines only 
with curve systems defining more than one point to form independent types of 
point correspondences. 


( 
7) 
C33 
Cy 
P 
Cy 
Cy Pi 
P 
ay 
P; 
6] 
C3, 6] 
8] 
BY 81 
2] 
P. 
P 
% 51 
C3, 51 
BC's; 
C3, 8. 
Cia, § 
Cs, 8! 
C,, 8: 
C2, P 
2 2 
C3, 23 
Co, 2. 
C4, 2. 
Cz, 7. 
C4, P 
C2, 2. 
C,, P 
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(2) C1; Cy Cn, Pas Cs,5P1 Ce; Co Cs, 8Pi; Cs,8Pi; Ca,Pi; C2, Pi; Ca, 2P1; Cs, 7Pi; Ca, 
Ci, Pi; Cs, 5P1; Cis, Cs,8P1 Cs, Pa C3,2P, C4,P2,6Pi1 Cs,Ps,P1 


1, 2+ 3 5,6, 8, 9,10, 11,12, 28, 29, 


13, 15 18, 19, 20, 


21 25 26 27 30 


1, 2¢ 10, 11, 12, 13, 14, 15, 60, 61, 


21, 22, 23, 


28 29 30 


38 39 40 


46, 47, 48, 


52, 53, 54, 55, 56, 5%, 58, 59, 


8,9, 10,11, 12,13, 14, 15, 


20, 21, 22, 


28 


33 


38, 39, 40, 


42, 43, 44, 


45,46, 47, 48, 49, 50, 51, 52, 69, 70, 


53, 54, 55, 56, 57, 58, 71, 72, 


59, 60, 61, 62, 73, 74, 


63, 64, 75, 76, 
77, 78, 


the 
by 
The | 
The 
hich | 16, 1% 18 19 20 
are 
that 41, 42 48 44 45 
34241 
3 4 5 65, 66, | 
363 
C3, 8P1; 
41 
3, Pa 
2P1; 
SP, 
Cy, 
C4, Po, 6Py 
C2, 2P3; 
Cu, Ps, Pi 
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13. Correspondences of multiplicity higher than four. The chief dis. 
tinguishing features of general (m,n) point correspondences lie in the sin- 
gularities and the relations of the images of the branch-point curve, that is, 
are concerned with the various ways in which image points may coincide, 
Two general curves of a defining equation can not have more than three con- 
secutive points in common nor more than two simple contacts. This is true 
because each pair of curves defining a set of points is determined by two inde- 
pendent parameters, the coordinates of the point of the other plane to which 
this set of points corresponds. These coincidences of image points occur when 
either m or n is four, so that for m or n greater than four, no new features 
of this kind are introduced. 

Also, since no new features occur. in (1,7) involutions for n > 4, a 
(4,4) compound involution has all the characteristic features of an (m,n) 
compound involution for all values of m and n. 

It has always been assumed that the curves of the defining equations of 
both general (m,n) point correspondences and (1,n) involutions are the 
most general curves possible. In any of these, special curves can be chosen 
for the defining equations that will allow the coincidence of more image points. 
For example, in the (1,4) involution determined by lines and a net of quar- 
tics, quartics that possess undulations may be chosen to define the four image 
points, in which case all four image points may coincide. 

The number of independent types of (m,n) point correspondences in- 
creases very rapidly as the multiplicity of one plane or each of the two planes 


increases. There is no further relation between the multiplicity and the 


number of types. 


WELLS COLLEGE. 


Contributions to the Theory of Conjugate Nets. 


By Ernest P. 


1. Introduction. The projective differential geometry of a conjugate 
net on a curved surface was studied by G. M. Green in two memoirs which 
appeared in the American Journal of Mathematics in 1915 and 1916. In 
these Green took the conjugate net under discussion as the parametric net. 

The recent researches of Fubini and others have shown the power of the 
methods of the absolute calculus in projective differential geometry. In the 
present paper we follow Green in taking a conjugate net as parametric, and 
obtain a new canonical form for Green’s equations. This we are able to write 
with covariant derivatives, using the methods of the absolute calculus. Our 
canonical form is invariant under all transformations of conjugate nets on 
the surface. 

The differential equations of a surface referred to its projective lines of 
curvature are obtained, as well as the equations of a surface referred to cer- 
tain other covariantly defined conjugate nets. The invariants of such a net 
are really invariants of the surface, and we are enabled thus to define pro- 
jectively certain classes of surfaces which seem to be of considerable interest. 

Several integrals geometrically connected with a conjugate net are set up, 
and some methods of investigation indicated. The unsolved problem of inter- 
preting these integrals geometrically is formulated. 

Wilczynski discovered the two directrices associated with each point of a 
surface (now called by Italian geometers the lines of Wilczynski) when he was 
investigating the congruence of intersection of the osculating linear complexes 
of the two asymptotic curves through a surface point. In our concluding sec- 
tion we have carried out a similar investigation for the osculating linear com- 
plexes of the two curves of a conjugate net through a point of a surface. 


2. <A Canonical Form of Green’s Differential Equations. Let the homo- 
geneous coordinates y™,- - -, y“ of a general point on a non-degenerate non- 
ruled surface be given as analytic functions of two independent variables u, v. 
If the parametric net is conjugate, the four functions y are solutions of a sys- 
tem of differential equations of the form * 


(1) Yuu = + byu + + dy, 
Yur = b’Yu + CY» + d’y, 


*Green, “ Projective Differential Geometry of One-Parameter Families of Space 
Curves, etc.,” American Journal of Mathematics, Vol. 37 (1915). 


565 


| 

kis. 
in- 
is, 
de, 
ue 
le- 
ch 
en 
1) 
of 
8. 
e 


566 LanE: Contributions to the Theory of Conjugate Nets. 


whose coefficients satisfy certain integrability conditions, of which the only one 
that we shall use is 
(2) (b + 2c’)y = (2b’ — c/a — ay/a) 
Besides the invariant coefficient a, we shall have occasion to use also the 

following invariants: 

H=d + b’c’ — bn, K=d+)’c’— cr, 
(3) W™ == 2c’, + (c/a)u, W == — by, 

B’ = (1/82) (4ab’ + 2c—ay), = (1/8) (4ac’ — 2ab + ay), 

d’c+ be’ + ab’, 


These invariants are absolutely unchanged by the transformation 
(4) y=, 
which transforms the coefficients of system (1) according to the formulas 
a=a, b—2(Au/A), 2a(A/A), 
d = (1/A) (—Auu + GAw + + crv + dd), 


b’ = b’ = c’ — /A, 
d’ = (1/d) (—Auv + + + 


The integrability condition (2) shows that there exists a function q such 
that 
(6) qu=b-+ 2c’ + %au/a— 2Ru/R, qv = 2b’ — c/a + Yay/a— 


and equations (5) show that the effect of the transformation (4) on these 


deriatives of g is given by 


Gu = Qu — 4du/A, Gv = Qv — 4Av/d. 


Therefore, if we choose 

A= e444, 
we shall have Gu —= 0. In this way we obtain a canonical form for sys- 
tem (1), whose coefficients, denoted by capital letters, may be calculated by 
means of equations (5) and (6). These coefficients are expressed in terms of 
the invariants of system (1) by the following formulas: 


A=a, B=—2W — C= + R,/R), 
(7) B’ = B + YR./R, C’ = — Ya,/a + 
D=%D— AB” + 0” — AB’, + 0’, — B’C — BC’, 
D’ = H — B’O’ + = K — BO’ + 


| 
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This canonical form is characterized by the conditions 


(8) B+20’+ 2B/—C/A+ %A,/A —2Ry/R 


The transformation — 


(9) i=$(u), 


leaves the parametric net invariant, but changes the coefficients of system (1) 
according to the formulas 


(Yo?/pu?)a, b= (1/hu) (b — 
(10) (Yo/du?) (0+ d= (1/4u*) 
b= (1/bu)e’, (1/bupr)d’, 


and changes the relative invariants (3) according to the formulas 
(11) (1/yo) B’, — (1/du)’, R= (1/du7) D, 


the invariants H, K, W™, W™ being cogredient with D. Since equations 
(8) are invariant under this transformation, it follows that our canonical form 
is undisturbed thereby. In fact the most general transformation of the group 


y=’, t=—o(u), 


which leaves our canonical form invariant is obtained by placing \ = const. 
The quadratic form 
(12) (R/A) (Adu? + dv?) 


is absolutely invariant under the transformations (4) and (9) and vanishes 
for the asymptotic net. Calculating the Christoffel symbols of the second kind 
for this form, we find that the second covariant derivatives of a scalar y with 
respect thereto are given by the formulas 


Y11 = Yuu — Yoyu(9/du) log + (A/2)yv(0/dv) log 
(13) = Yaw — Yoyu(0/0v) log R— log (R/A), 
Yoo = Yor + (1/2A) yu (0/0u) log R/A — Yoy,(0/dv) log (R/A). 


Therefore, when written with these covariant derivatives, our canonical form 


becomes 
= + ys + Dy, 
(14) fu B’y, + Cy. + D’y. 


It is not difficult to show that the canonical form (14) is invariant under 
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all transformations of curvilinear coordinates which leave a conjugate net 
parametric. In fact, the most general transformation of this kind is 


v); 


= 


7] 
subject to the condition 


+ = 0. 
Carrying out this transformation, we find that system (14) becomes 
= + + y¥2 + Sy, 
BY: + G2 + 
wherein dashes indicate derivatives with respect to @ and 7, and the coeffi- 
cients are given by the following formulas: 
gut =A, Ad—= D(du* — + 
AB = ou? + 3A + — ], 
Aduy = — Ago’) + — ], 
(15) ApoB’ = — Adv?) + (ou? — 384 
Ay’ u( du? 3A + AB’ dy (— + Ad’), 
= — + D’bu( — Adv’), A= (bu? + 
It is now easy to verify that 
(16) B+ 2y=0,  y—2ap’=—0, 


and these conditions are characteristic of the canonical form (14). 


3. The Projective Lines of Curvature and their Reciprocals. The cubic 
form 


(17) (B/A) (AC/du? — 3AB’du2dv — 36’dudv? + B’dv*) 


is absolutely invariant, just as is the quadratic form (12), and vanishes * for 
the curves of Darboux. It is evident that 8’ —0 if, and only if, the curves 
u = const. are curves of Darboux, and ©’ —0 if, and only if, the curves 
v = const. are curves of Darboux. 

The forms (12) and (17) are the forms ¢, and ¢; of Fubini, as may be 
verified by calculating the ratio + of the discriminant of (17) to the cube of 


* Lane, “ Bundles and Pencils of Nets on a Surface,” Transactions of the American 
Mathematical Society, Vol. 28 (1926), p. 163. 
f Fubini and Cech, Geometria proiettiva differenziale, Zanichelli (1926), pp. 84-87. 
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the discriminant of (12). This ratio is a constant. Therefore the choice of 
proportionality factor which leads to the canonical form (14) is precisely that 
which yields Fubini’s normal coordinates. It follows that the second differ- 
ential parameter A.y, given by 


= (1/F) + 


represents a point on the projective normal n through the point y, while the 
first differential parameter A,y, given by 


Avy = (1/2) + Aye”), 


represents the points where the reciprocal n’ of the projective normal with 
respect to the quadric of Lie crosses the asymptotic tangents. Therefore the 
points y, and yy are the points where n’ crosses the parametric tangents. 

Those curves on a surface in which the developables of the congruence of 
projective normals intersect the surface are called by Fubini the projective 
lines of curvature. The differential equation of these curves may be deter- 
mined by the following method. The point ¢ defined by 


= Yoo + (1/A) (C’ — 20’) yu + — B’ + Yo + AY 


is any point (except P,) on the projective normal n. As Py varies along a 
curve C on the surface, the point ¢ describes a curve, and the point d@ is on 
the tangent of the latter. If C corresponds to a developable of the projective 
normal congruence and if Pg is the corresponding focal point of n, then the 
point d@ lies on n, so that d¢ is a linear combination of y and ¢. So we 
obtain two equations containing A and dv/du, and when we eliminate A there- 
from we obtain the differential equation of the projective lines of curvature 


(18) ALdu? — Mdudv — Ldv? = 0, 
where 

(19) M—=D-+ A(4B’R’ — 4B” + 2B’,) + 4.8’ 

+ 40” — 2’, + 

Therefore the parametric conjugate net is the projective lines of curvature in 
case L =0,M 0. And the associate conjugate net of the parametric net is 
the projective lines of curvature in case M0, L0. 


We shall now determine the developables of the reciprocal of the projective 
normal congruence. The point wy defined by 


Y= Yu + 


1 
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is any point on the reciprocal n’ of the projective normal (except the point yy), 
As Py moves along a curve, the point y also describes a curve, and the point 
dy is on the tangent of the latter. Continuing the argument, which is the 
same as that used in the case of the projective normal congruence, we find 
that the differential equation of the curves corresponding to the developables 
of the reciprocal of the projective normal congruence, which we shall om the 
reciprocal projective lines of curvature, is 


(20) AD’du? — Ddudv — D’dv? = 0 
Moreover, if », and ys; are the roots of the equation 


(21) Dp? + Du— AD’ = 0,7 


then the corresponding points y, y2 are the focal points of n’. 

The geometrical significance of the invariants D and D’ now becomes 
evident. The reciprocal projectwe lines of curvature are parametric in case 
D’=0, D0. Then the foci of n’ are the points yy and y,, the focus yy 
corresponding to the curve u— const. And the reciprocal projective lines of 
curvature are the associate net of the parametric net in case D=0, D’ 0. 
If D =D’ = 0, the reciprocal projective lines of curvature are indeterminate 
and the lines n’ all lie in a fixed plane. The class of surfaces for which this 
happens seems worthy of a more detailed study than we can make here. 

The geometrical significance of the invariants B’ and C’ is easy to dis- 
cover. The ray of P, with respect to the parametric net crosses the para- 


metric tangents at the points p, o given by 


p=Yu—CYy, Yo— By. 


The points p and y, coincide if, and only if, C’ —0; similarly the points o 
The ray of the parametric net and the line 


and yy coincide in case B’ = 0. 
n’ reciprocal to the projective normal coincide in case B’ = C’ = 0. 

In case B’ = C’ = D’ = 0, D ~0, the surface is such that the ray of the 
reciprocal projective lines of curvature coincides with the reciprocal of the 
projective normal. Then we have yu,—0, H=K==0. The ray-points p 
all lie on one curve, and the points o on another. The developables of the 
reciprocal of the projective normal congruence consist of cones each having 
its vertex on one of these curves and passing through the other. Many special 
cases arise concerning these curves, but we shall not discuss them here. 

If. the associate of the parametric net is the reciprocal projective lines of 
curvature, and if the ray of the parametric net is the reciprocal of the pro- 
jective normal, then B’ = C’ = D=0, D’~0. Therefore we have H=K 
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=), as we should expect, since the ray curves of the parametric net form a 
conjugate system. Moreover, we have D} = 0, so that the parametric net is 
harmonic. 

All of the preceding considerations may be dualized. 


4. Invariant Integrals. The projective differential theory of a surface 
referred to its asymptotics has been enriched by the study of certain integrals 
geometrically connected with the surface. It is the purpose of this section 
to show how in a similar way to set up some integrals invariantly connected 
with a conjugate net and its sustaining surface, and to initiate an investiga- 
tion thereof. 

Let ® be any one of the invariants 


(Hv’)*, (Kv’)%, (W%v’)*, (Wv’)*, (D’v’)*, (D)%, (R)%, &, Br’, 


where v’ = dv/du. Then #du is an absolutely invariant differential, and the 
integral f{ du is an invariant integral which has a projective geometric rela- 
tion to the paramteric conjugate net and its sustaining surface. 

In particular let ¢ = (Hv’)*. Then Euler’s equation for the externals 
of the integral f ¢du is 


(22) v” = (Hu/H)v’ — 


These externals contain the parametric net. They contain the asymptotic net 
if, and only if, 
[H/(A)*]u=0, [H/(A)*]o=0. 

We propose to find the envelope of the osculating planes at Py of all the 
curves (22) which pass through P,. Using the local tetrahedron with ver- 
tice at the points y, yu, Yr, Z, Where, in the notation of system (1), we have 
placed 

+ + dy, 


we find that the equation of the osculating plane of any curve on the surface 
through Py is 


(23) (1/a) (a + v”) — a3) 
+ — bv’ — (c/a) v’? — 2b’v"? + a, = 0. 


Therefore the coordinates of the osculating plane of a curve (22) are given by 


U, = v’P — 
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where 
(25) P=2c’—b+ H./H, Q = c/a + 2b’ + H,/H. 


And the equations of the required envelope in plane coordinates are 


(26) U, = 0, Us(U2? + aus?) —a(Pucus? + Qus?us) = 0. 


This is a cone of the third class touching the tangent plane along the asymp- 
totic tangents and having three cusp-planes which intersect in the line joining 
Py, to the point whose coordinates are (0, —P,—aQ,4). The directions in 
which the three cusp-planes meet the tangent plane are given by 


— — 3aPu2u;? + = 0. 


These coincide with the directions of Segre, which are the conjugates of the 
directions of Darboux given by (17), in case P: Q=W’ : B’, and coincide 
with the directions of Darboux themselves in case P : aQ =— BB’: ©. 

It is easy to determine the developables and focal surfaces of the con- 
gruence of cusp-axes of the cones (26) by the methods employed in section 3. 
And dual considerations lead immediately to a curve of order three in the 


tangent plane, which is the locus of the ray-points of the extremals (22). 


This curve has a double point at P,, and a flex-ray. The congruence of flex- 
rays might be studied. 

Finally, it would be desirable to have a geometric interpretation of each 
of our invariant integrals. It would be equally desirable to have a geometric 
interpretation for each of the forms @du similar to the interpretation given * 
by Wilczynski for the metric of Fubini, or the interpretations given by Bom- 
piani and Cech for the linear projective element. 


5. Osculating Linear Complexes. The osculating linear complex at a 
point P of a space curve is the limit of the linear complex determined by the 
tangent at P and four neighboring tangents, as each of the four tangents inde- 
pendently approaches the tangent at P. We shall now obtain the equations in 
line coordinates of the two linear complexes which osculate at a point Py, of 
our surface the two curves of the parametric conjugate net through Py. 

The coordinates of a point + near P, and on the curve C,,, or v = const., 
through P, are given by an expansion of the form 


of which we shall need the first six terms. By means of the operations of 


* Fubini and Cech, Geometria proiettiva differenziale, p. 138. 
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differentiation and elimination it is possible to express every derivative of y 
as a linear combination of your, Yu, Yr, y by an equation of the form 


Placing k = 0, h = 2, we may calculate the successive coefficients of (27) by 
means of the recursion formulas 


(28) + b + b/y 2-40) + §(h-1,0) | 


Using the points y, Yu, Yr) Yeu as vertices of a local tetrahedron of refer- 
ence, with suitably chosen unit point, we find that the local coordinates of Pz 
are represented by expansions of the form 


m=1 


(29) Au + Aut + % BO) Aut 


The corresponding expansions for the coordinates of a point z, other than Pz, 
on the tangent of C, at Pz, are obtained by differentiating each of the series 
(29) with respect to Au. The Pliickerian coordinates w;;, of the tangent of 
C,, at P, are defined by the usual formulas, 


and are represented by the following expansions: 


wi3 = Au + YyAu? + Aus 
= Au + Ya Ay? + a4 Aus 
+ 4 (a6 + — 248%) Aut +--+, 
(30) wos = Au? + + 44 + — Aut +° 
—— Au? — Ya 


034 = (359) — ay) Au* 
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in which we have written as many terms as we shall need. Writing the equa- 
tion of a linear complex in the form > aixwix = 0, we determine the coeff. 
cients so that this equation may be satisfied by the series (30) identically in 
Au as far as the terms in Au*. In this way we find 


= 0, Gig 4cA?, 
(31) = 2A — QB’), = 2A(2Ay” — cB’), 

= 2A[C + 2A(d + + 38 ( 

640) (80) bB’|— 3B”, 

where 

A=@(K+W™), 
(32) B’=A,+A(b + 2c’), 

C=Bu tc (cu + ay”) at — ayy. 


The coefficients (31) are not all invariants because the vertices of the 
tetrahedron of reference are not all covariant. If we choose a new tetra- 
hedron of reference with vertices at the points y, p, o, 7 for which 


p=Yu— c’y, = Yy — b’y, 
T= AYov + Cyy— (49D + + — be’ — d)y, 


then the points p,o are the ray points of P, with respect to the parametric net, 
and the point + is the harmonic conjugate of Py with respect to the foci of 
the axis of Py. Referred to this tetrahedron, the equation of the osculating 
linear complex of the curve Cy, is 


+ a[2AIy + 16AI(C’ — 36au/a) — 81? + = 0, 
where 
(34) I= A, + 4A — 5ga,/a). 


Similarly, it can be shown that the equation of the osculating linear com- 
plex of the curve Cy, referred to the same tetrahedron ypor, is 


(35) 4B + 3BJ 023 — 4aB 
—[2aBJ, + 16aBJ (B’ + Y4a,/a)— 8aJ? — 2B*D Joss = 0, 
where 
B= (1/a)(H+W™), 


(36) J = B, + 4B(®’ + 3£a,/a). 
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We shall refer to the complexes (33) and (35) as the first and second com- 
plexes respectively. 

Some properties of these complexes may now be deduced. If the curve 
(C,, is a plane curve, then A = 0 and the first complex is indeterminate. The 
invariant of the first complex 16aA°. Therefore if Cy is not a plane curve, 
the first complex is not special. Since the coefficients a,2 and a,, of the first 
complex are zero, it follows that this complex contains all the lines of the 
pencil with center at Py and lying in the osculating plane of Cy. In fact, Py 
corresponds to the osculating plane of C, in the null system of the first com- 
plex. Moreover, the point p corresponds to the plane 


alzs -+- 0. 


This plane coincides with the tangent plane of the surface if, and only if, 
= 0. In case [= 0, to P, corresponds the plane 


2a, — Dx, 0, 
and to P, corresponds the plane 
Az, = 0. 


If I= D—0, to P, corresponds the plane por, and to P; corresponds the 
osculating plane of C,. ‘Finally, the ray po belongs to the first complex in 
case [= 0. Similar statements are true regarding the second complex. 

In order to obtain the equations of the directrices of the linear congru- 
ence of intersection of the first and second complexes, it is sufficient to write 
down the conditions that the plane corresponding to a variable point in the 
null system of a special complex of the pencil determined by the two com- 
plexes may be indeterminate. Denoting the coefficients of the first and second 
complexes by aj, and biz respectively, we obtain for the equations of the 
directrices 


(37) + 0, 
+ (Aides + bos) + + Bao) = 0, 


where A; (i = 1, 2) are the roots of the quadratic 
(38) (isD42 + AzaDi2)A + = 0 


which determines the special complexes of the pencil. 
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The directrices do not lie in the osculating plane of Cx, or of C,, but do 
intersect the axis yr in the points 


+ Bas, 0, 0, — biz), (1 2). 


If J —J = 0, the directrices meet the ray po at the points 
(0, Aa@A?, — B?, 0), 
where A; are the roots of the equation 
+ — 2B° — 0. 


In this case the simultaneous invariant of the two complexes vanishes if, and 
only if, —0, so that the two complexes are in involution if, and only if, 
the parametric net is harmonic. 
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A Certain General Type of Neumann Expansions 
and Expansions in Confluent Hypergeometric 
Functions. 

By R. F. GRaAEssER. 


INTRODUCTION. 


1. Statement of the Problem. The purpose of this paper is to obtain 
two expansion theories analogous to the one developed by Neumann and Ge- 
genbauer for Bessel functions.* In the first division we deal with a certain 
general sequence of analytic functions of a complex variable z. Each element 
of this sequence is defined by a power series and all such series are assumed to 
converge in a single circle of finite radius. With one additional hypothesis, 
which will be found in § 2, it is possible to obtain an expansion of an analytic 
‘function f(z) which will converge uniformly with respect to z in some finite 
region (Theorem II). An expansion of f(z) is developed in terms of a se- 
quence of polynomials in 1/z which are associated with the original sequence 
of analytic functions. An analogue to Laurent’s expansion is obtained. The 
relation of these expansions to the ordinary Taylor and Laurent expansions of 
f(z) is shown. Some properties of the elements of the sequence and of their 
associated polynomials in 1/z are found. Generalizations are made to func- 
tions of n complex variables. 

In the second division a certain confluent hypergeometric equation is sub- 
jected to a transformation, Expansions in terms of a solution of the trans- 
formed equation are first discussed as a special case of the theory developed in 
division I. The results are then extended by further investigation. 

The expansion theory, which is developed in detail in the present paper, 
revolves about our Theorems II and III. The latter are related to certain 
theorems of great generality due to G. D. Birkhoff.t The methods of the 


* See Watson, Theory of Bessel Functions (London, 1922), Chapters IX and XVI, 
where an excellent summary of these results is given as well as copious references. 

+ “Sur une généralisation de la Séries de Taylor,’ Comptes Rendu des Séances de 
V’Académie des Sciences, Vol. 164 (1917), pp. 942-945. 
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present paper are different, however, from those used by Birkhoff. Compari- 
son of these theorems should also be made with certain results obtained in a 
paper by J. L. Walsh.* 


I. A CERTAIN GENERAL TyPE oF NEUMANN EXPANSIONS. 


2. The Sequence of Functions and the Hypotheses. We take the gen- 
eral sequence of analytic functions obtained by allowing m to range over zero 
and the positive integers in the following definition of F(z), 


00 
(1) Fin(z) = Cmo = 1. 
8= 


The power series defining each function of the above sequence is assumed to be 
convergent within some circle of radius R described about the origin as a 
center where F is independent of m. We have a well-known theorem which 
says: 


“Tf F(z) + c.22 is a power series convergent in a 
circle described about the origin with radius R and if N < F# then the greatest 
value which | F(z) | takes on on the circle of radius N described about the 


origin is at least as great as | cy | N’.” 


Designate the greatest value which | F(z) | takes on on the circle of 
radius V < # described about the origin by My(m) ; then 


(2) My(m) = | Cms | N™s, 


We will now make the further hypothesis that a constant My exists such 
that for all values of m we have 


My= My(m)N™. 


3. Hxpansion of 2". Proceeding formally to compute the coefficients 
ynm, m= 0, 1, 2,° of the expansion 


oo 
(2) 


we insert in the right member the expansion of F(z) and equate coefficients 
of like powers of z We then find that the y’s satisfy the recurrence relation 


* Transactions of the American Mathematical Society, Vol. 26 (1924), pp. 155-170. 
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(3) YnoCov + Yn161,»-1 Yn2Co,y-2 Yn,y-1Cy-1,1 + = 1, 
=(), 


from which we have yny=0, v= 0, 1, ++, (n—1)3 ynn=1 and 


(4) = 
Cn,1 1 0 0 ee 0 
Cn,2 Cn+1,1 1 0 ae 0 
Cn,p Cn+1,y-1 Cn+2,y-2 Cnss,y-3 Cnsp-2,2 Cnsp-1,1 


We may then start the summation with n obtaining 
(5) = Fasy (2). 


We shall show that the series in the right member is absolutely and uniformly 
convergent within and upon the circle | z| R,, where < N/(My +1), 
and that it is a valid expansion of z” in the closed region bounded by this 
circle. To do this we need dominating expressions for | Fn,,(z) | and 


| Yu, n+y |. 


Replacing My(m) in (2) by its dominant we get 
(6) | Cms | = MyN-. 
Writing n + v for m we have from the expansion for F(z) the relation 


(7) | |S] My (| | —| #1) 


provided | z| < XN. 


When we omit the vanishing terms from (3) that recurrence relation 


becomes 


=0, 


By giving v the values n, n+ 1, - - - and employing the inequality (6) we 
have successively the following relations: 


| 
i 
¢ 
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| yan |=1, 

| | S N-My, 

< N-*My(My +1), 
| yous | (My 


| Yn, n+2 


| Yn,n+y | = N-’My(My 
Hence 


(8) | |< +1)”. 


Making use of these two dominants we have 


\n | z 


| | | |S —Tz] 


The right member is the vth term of a convergent series if | z | << N/(My+1) 
so that the series in (5) is absolutely convergent. If | z| <= R, << N/(My+1) 
we may choose such that R, << < N/(My +1); then we have the 
relation 


| || | S 


MyNR," [ (My + 
N—k, N 


The right member is the vth term of a convergent series of positive constants. 
The absolute and uniform convergence of (5) follows from the test of Weier- 
strass provided that | z|<R, << N/(My +1). 

By another theorem due to Weierstrass (cf. Osgood, Lehrbuch der Funk- 
tionentheorie, Vol. I, 4th Ed., Leipzig, 1923, p. 343) we may substitute for 
Fuiy(z) from (1) in (5) and write the result in ascending powers of z. When 
this is done it is easily seen by the aid of the recurrence relations (3) on the 
y's that the sum of the series in (5) is 2”. 


4. Expansion of 1/(t—z). We have the expansion 
1/(t—2) = 
n=0 


if |z|<|t|. We substitute for 2" its expansion from (5). ‘Then we have 


Ms 


(9) 


n=0 


Yn,n+v Pasy(z) 


| 
i 
4 
| 
a 
i] 
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Proceeding formally we arrange the result according to ascending values of the 
subscripts of the F’s and obtain the relation 


n 
(10) 1/(t—z) = & Vu(t)Fn(z), where Va(t) = 
n=0 r=0 
To justify this rearrangement it is sufficient to prove the absolute convergence 


of the series in (9). (Cf. Hobson, Theory of Functions of a Real Variable 
ist Ed., Cambridge, 1907 , p. 465). Making use of (7) and (8) we have 


as 


for each value of yv and 


= | | | (2) | |z |" (My +1) | z | 
<2 2 N ] is 


n=0 v=0 | 


The double series in the right member is convergent if | z| << N/(My +1) 
and |z|<|¢|. Consequently the double series in (9) is absolutely con- 
vergent in the open regions defined by the inequalities 


|z| <N/(My+1), |2|<|#|; 


and (10) is valid in the same regions. 

Suppose |z| = Ri < N/(My +1) and |¢t| = R, where R, < Ry. .We 
can choose and R; such that R. << N/(My +1) and < < Ry 
The series in (9), and therefore the double series obtained from the first 
equation in (10) by substitution for V,(¢) its value in (10), is dominated by 
the convergent series of positive constants 


n=0 (NV — N 


Hence by the theorem of Weierstrass the double series is absolutely and uni- 
formly convergent with respect to both z and ¢ in the regions indicated. We 
may state the following theorem: 


THEOREM I. Let z and t be two complex variables such that 


|2| SR, < N/(My +1) and |t| = Ry where Ry < Ry; then the expansion 


1/(t—*) = > Va(t)Fa(z), where Va(t)—= yen/t", 


r=0 


4 
3 
| 
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is valid. If t is a variable point upon or outside the circle |z|—=R, andg 
is within or upon the circle | z | = R, then the expansion converges uniformly 
with respect to t and z. 


In the remainder of the paper we shall use the symbols R,, R., Rs, R, 
in a generic sense, the numbers denoted by them varying from section to sec- 
tion. In all cases we shall suppose that R, << R, << Rs; < Ry. Moreover we 
shall employ the symbol C; to denote the circle | z | = R; for i—1, 2, 3, 4. 


5. Hazpansion of f(z) in Terms of Fn(z). By means of theorem I and 
Cauchy’s integral formula we are able to expand any function f(z), analytic 
and single-valued within and upon a circle C,, the equation of C, being | z |= 
R,; thus, 

f(z) = (1/2ri) dt 


= (1/271) Vn(t)Fa(2) f(t) de 


4 


The expansion in the second member is uniformly convergent with respect to 
¢ and z under the conditions of theorem I and may therefore be integrated 
term by term. Hence 


f(z) anF'n(2), where — (1/2ni) f° Vn(t)f(t) dt. 
n=0 Cs 


This expansion is valid and converges uniformly with respect to z if 
|2| SR, < RB, and Ry < N/(My+1). Summarizing we have the follow- 
ing theorem: 


TueorEM II. If f(z) be a single-valued, analytic function of z within 
and upon C,, the equation of C, being | z | = R,, then the expansion, 


f(s) —S where — f Va(t) f(t) dt, 
n=0 


is valid and converges uniformly with respect to z if z 1s within or upon the 
circle | z| = R, where Ry < N/(My +1) and < By 


6. Expansion of f(z) in Terms of Vn(z). We shall prove the following 
theorem 


TurorEM III. If f(z) be a single-valued, analytic function of 2 upon 
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and outside of a circle C,, the equation of C, being |z|—R,, then the ea- 


pansion 
f(z) =SanVn(z), where ay (1/2mi) f f(t) dt, 
n=0 Ci 


is valid and converges uniformly with respect to z if z 1s upon or outside the 
circle | z| = R, where R, < N/(My +1) and RB, < Ry. 
From theorem I we have 


1/(t—2) Vale); 


this series converges uniformly with respect to z and ¢ if 
SR, << N/(My +1) and |z| = where R, < 


By an argument analogous to that of the preceding section, we have 


f(z) ——(1/2mi) Pa(t)Va(e)f (that 


n=0 


where the integration is in the clockwise direction. If we take it in the coun- 
terclockwise direction we have 


f(z) = (1/221) Fn(t) Vn(z) f(t) dt. 


C, n=0 


Integrating term by term as is permissible we have 


f(z) anVn(z),where —= (1/2mi) f(t) dt, 
from which the theorem follows. 


%. Analogue of the Laurent Expansions. Let C1, C2, Cs, C4 be, respect- 
ively, the circles | z| | |z| Rs, | z| — Ry where < 
<BR, < RB, and Rs << N/(My+1). Let f(z) be a single-valued, analytic 
function of z within and upon the boundary of the ring bounded by C,C,. Ifz 
is a point within or upon the boundary of the ring bounded by C.C3; we have by 
means of Cauchy’s integral formula : 


= (1/2ni) at+ (emi) dt 


ly 
R, 
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ic 
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where both integrations are performed in the counterclockwise direction. With 
the aid of theorem I we obtain 


f(s) — (1/2xi) [ Va(t)Fa(2) dt + (1/2) 


x [ Pa(t) Va(2) 


Ci n= 


We may integrate term by term so that 


+3 an’ Vn(2); 


where an = (1/2ni) Vn(t)f(t)dt and a,’ = (1/2ni) f F,, (t) f(t) dt. 
C4 Ci 


This expansion is valid and converges uniformly with respect to z if z is within 
or upon the boundary of the ring C.C3. 


THEorEM IV. Let C,, C2, Cs, Cz be, respectively, the circles | z|—= Ry, 
|2| = R.,|2| Rs, | z | Ry where Rs <R, and Rs<N/(My-+1). 
If f(z) ts a single-valued, analytic function of z within and upon the boundary 
of the ring C,C4, then the expansion 


(2) -> an’ Vn(2), 


where dn = (1/2mi) Va(t)f(t)dt and ay’ = (1/2ni) F(t) f(t) dt, 
C, 1 


is valid and converges uniformly with respect to z when z is within or upon 
the boundary of the ring C.C3. 


8. Relations to the Taylor and Laurent Expansions. If f(z) is analytic 
in the neighborhood of the origin let its Taylor expansion be 


f(z) =D best. 
8s=0 


We substitute this expansion in the expression for the coefficients of the expan- 
sion in theorem II and also replace V,(¢) by its value. We have 


dn = J, Vn(t) f(t) dt 


| 
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= (1/271) yrn/t**1) (> dt 
= (1/271) dt. 
Cy, r=0 8=0 
Hence, by performing the integration, 
an = bayen- 
8=0 
If f(z) is analytic in the neighborhood of infinity its Taylor expansion 
takes the form 
co 
f(z) = 
R We substitute in the expression for the coefficients in theorem III thus, 


an (1/2ri) F(t) f(t) dt 


—(1/2ri) 


7C, r=0 


Hence 
fore) 
Cn = CnsBnss+1- 
s=0 


If f(z) has the Laurent expansion 
co 
f(z) =X bez? + 
8=0 s=1 


valid in the ring C,C, of theorem IV then the coefficients of the expansion of 
that theorem are related to these coefficients thus, 


n 


an = Dsysns 
s=0 


oO 


Cy’ = = nese 


s=0 


These relations may be useful in obtaining the expansions of theorems II, III, 
IV provided the Taylor and Laurent expansions are readily obtainable. 
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9. Orthogonality Properties. We shall establish the following: 
(m—nand msn), 


where C is any closed contour in the region of analyticity of both F,(z) and 
Fin (2). 


Vmn(z)dz=0, (m=—n and 


where C is any closed contour in the finite plane not passing through the 
origin. 


Vn(%)Fn(z) dz = (C enclosing and not passing through the origin), 

= 0, (C not enclosing nor passing through the origin), 
where C is a closed contour in the region of analyticity of /',(z), and & is the 
excess of the number of positive circuits over the number of negative circuits 
made by the contour about the origin. 


(mn), 
C 


where C is any closed contour in the region of analyticity of Fm(z) but not 


passing through the origin if m < n. 

The value of the first integral follows at once from Cauchy’s theorem. 
The product Vn(z) Vm(z) is a polynomial in 1/z with (1/z)? as the lowest 
power. We have therefore the value of the second integral. The value of the 
third integral is obtained at once by the residue of the integrand at zero. If 
m > n the product Vn(z) Fm(z) is a power series in z so the value of the 


fourth integral is zero in that case. If m <n we have from (1) and the 
expression for V,(z) in theorem II 


n 
Cc Cc r=0 8=0 
Writing m + v for n the last summation becomes 


= 
8=0 


We then substitute for ymss,m.» from (4). When the determinant for 
ym,msy i8 expanded according to the elements of the first column and the result 
compared with the foregoing sum, the latter is seen to vanish. 


and 
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The expansions of theorems II, III and IV are known to exist in some 
small regions under the conditions set forth in the theorems. The integral 
formulae just obtained enable us to readily determine the coefficients of the 
expansions. For example, the expansion of theorem II exists and converges 
uniformly with respect to z within and upon some small circle described about 
the origin. We may then multiply this expansion by Vm(z) and integrate 
term by term in the right member. The integrations are in the positive direc- 
tion. Also C lies in the circle of existence of the expansion and encloses the 
origin in a single circuit. We obtain 


San Vin (2) F'n(2) dz. 


By the last two integral formulae 


f Vin(2)f(2) dz = dm; 
this determines dm. 


10. Results in the neighborhood of za. By replacing z by (z—a) 
and ¢ by (t—a) in the result stated in theorem I we obtain 


1/[(t—a) — — 


It is readily seen that this expansion has the same properties in the neighbor- 
hood of a as are possessed by the expansion in theorem I in the neighborhood 
of the origin. By means of this result and Cauchy’s integral formula we are 
able to expand any function f(z), analytic and single-valued within and upon 
the boundary of a closed region bounded by C4, the equation of C, being 
|z—a|=—R, We have 


1 f(t) 1 f(t) 
a, t—z Jo, (t—a) — 


(1/2ni) Vn(t —a)Fn(z—a)f(t)dt 


Cy n=0 
— 3S a.F,(2—a), where dy = Vn(t —a) f(t) dt. 
n=0 Cs 


This last expansion is valid and converges uniformly with respect to 2 if 
|z—a|SR, < R, and R, < N/(My +1). 
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THEOREM V. If f(z) be a single-valued, analytic function of z within 
and upon C', whose equation is | z—a| = Ry, then the expansion 


f(z) — where dy (1/21) f Vn(t—a) f(t) dt, 
n=0. Cs 


is valid and converges uniformly with respect to z if z is within or upon the 
circle |z—a|=R, where Ry < N/(My +1) and R, < Ry. 

It is clear that all the results of § 6 to § 9 inclusive could be established 
for the neighborhood of z = a as well as for the neighborhood of z = 0. 


11. Expansion of Functions of Several Variables. The expansion theory 
obtained in the preceding sections can be easily extended for the expansion of 
functions of several variables in multiple series. As an illustration, an expan- 
sion similar to that of theorem II will be carried through for a function of two 
independent variables. From this special case the generalization to the case 
involving n variables will be readily seen. 

We take two general sequences of functions of z, and 22, respectively, 


00 
s=0 


similar to the sequence defined in § 2 and place upon them similar hypotheses. 
The power series defining each function of the sequence F’,,‘” (zp) is assumed 
to be convergent within some circle of radius R® described about the origin 
as a center where R® is independent of m. By the theorem quoted in §2 
there is a greatest value My (m) which | FP, (zp) | takes on on a circle of 
radius V® < R® described about the origin and we have 


(m) > | Cms | ) mee, 


As before we then make the further assumption that there exists a finite My 
such that for all values of m we have 


My” =>My”(m)(N®)-™, p=1,2. 


The results of §§ 3, 4 follow as before for each sequence Fm‘? (zp), m= 
0,1,2,--°, pl, 2. 


Let z,, t, and 22, t be two pairs of complex variables in the z, and 2, 
planes, respectively. Let them be restricted as follows: 


SBP <N/(My 41), BO 


| 


22 
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Also we take 


2) => Ving’? (tz) Fmg® (22) 


m,=0 mg=0 


oo 
1/(t1 — 2) => (t1) F'm,™ (21), 1/(t2 


where Vm,“ (¢,) and Vm,‘ (t2) are associated with Fm, (z,) and Fm,‘ (22), 
respectively, in the same manner as V,,(¢) is associated with Fm(z). Allow 
t, and t, to be variable points outside or upon C,“ and C,, respectively, 
where C',™ is the circle | z, | = R,™ and the circle | 22 | = R,, and 
z, and 2, variable points, respectively, within or upon Ci defined by | z, | = 
and C,® defined by | |= Then the expansions for 1/(t; — 21) 
and 1/(t2— 22) converge uniformly with respect to 2: and ¢,, respec- 
tively. Also these expansions converge absolutely. On multiplying them to- 
gether term by term we obtain the equation 


oO 
=X Vins (t1) Ving (te) (21) (22); 


mg=0 


1/(ti— 4%) 


where the double series is absolutely and uniformly convergent. Let f (21, 22) 
be a function of the two independent, complex variables z, and 22. Let it be 
analytic and single-valued in z, when z, is within or upon the circle C,@ and 
z. is held fixed within or upon the circle C,. Likewise let it be analytic 
and single-valued in z, when 2, is within or upon (,® and z, is held fixed 
within or upon C,®. By Cauchy’s generalized integral formula we have 


F(t ta) 


Ving (te) Fon (2a) (22)] 
O° Cs 


m,=0 m 


x [f(4, to) /(t1 — 21) (te 22) |dt.dty. 


Hence 


oo co 
f(a; Z2) = = (21) Fm, (22), 


m,=0 mg=0 
where Am,ms = 1/ (2x)? f @ f(t, ts) Van, (41) Vn, (to) dt.dt,. 
A 


This expansion is valid and converges uniformly with respect to z,, 22 when 
2;, %, are, respectively, within or upon the circles | 2, | = R,“, | z2| = Ri. 
Since the extension of this result to any number of variables is obvious, we 
shall state the following theorem for n variables: 


589 

within 

dt, 
yn the 
lished 
heory 

on of 
xpan- 
ftwo § 

case 
ly, 

eses, q 

med 
igin 

ge 


590 GRAESsER: A Certain General Type of Neumann Expansions 


THEOREM VI. Let f(21, 22,° °°, 2n) be a function of the independent, 
complex variables 2, 22,° 2n Designate the cireles | z,|=R,%, 
| Ze | = R,®), | Zn | = R,™ by Om, respectively, 
Let f (#1, 22,° *, 2n) be analytic and single-valued in z, when 2, is within or 
upon CO, and 2, 23,° * *, 2n are held fixed within or upon C,, Cy - 
C,™, respectively. Let it be similarly analytic and single-valued in 2s, 2s, 

Then the expansion 


oo 
=> 2° Amymg. . (41) (22) * (2n), 
m=0 mg=0 mn=0 
where 


Armas... my 1/ (2x1)? 


is valid and converges uniformly with respect to %, *, 2n When 21, 22, 
*, 2n are, respectively, within or upon the circles | z, | =R,, | z. | =Ri, 
and < N® /(My + 1), R,@ < N® / (My +1),:°°, 
< N®/(My™ +1). 


_ 12. Further Results for Functions of Several Variables. Results analo- 
gous to those obtained for analytic functions of a single variable in § 6 to § 10 
inclusive can be obtained for functions of two independent variables or, in fact, 
of n independent variables. We shall not attempt to establish these results in 
detail. However, as an example, we shall work out the analogue of the Lau- 
rent expansion for the case of a function of two independent variables. 

Let 21, ¢; and 2, t2 be two pairs of independent, complex variables in the 
2, and planes, respectively. Let C.“ C3, be four circles in 
the z, plane concentric at the origin and with radii, respectively, Ri, R., 
R,™, where < BLY < BLM < B®. Also C,, 
be similarly defined in the z, plane. Let f(z, 22) be analytic and single- 
valued in 2, when 2, is within or upon the ring C,“C, and z- is held fixed 
within or upon the ring C,C,®. Likewise let it be analytic and single- 
valued in 22 when 22 is within or upon C,?C, and z, is held fixed within or 
upon C,%C,@. Further let the R’s be restricted by the relations 


R,™ < N®/(My 1}, < N® / (My 2). 


| 
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As in § 11 we have the expansions 
oo 


1/(t:— 41) = Vn (t1) Fm, (21); 
m,=0 


Ving (to) (22) 
0 


| 


which are uniformly convergent with respect to ¢,, 2, and to, 2 if t, t2 are 
outside or upon C,"”, C,, respectively, and 2, z, are within or upon C,“, 
C,;‘”, respectively. Also we have the expansions 


00 
1/(4— = Ving (41) Fm, (t1)> 
0 


co 


1/ (22 — te) Ving’? (22) F'm,‘” (te), 
0 


Me= 


which are uniformly convergent with respect to ¢;, 2, and ft, 22 if ¢,, t, are 
within or upon C,, C,, respectively, and 2, 22 are outside or upon C,“, 
C,, respectively. These expansions converge absolutely. We treat the re- 
sults of multiplying them together term by term as in §11. Then by Cauchy’s 
generalized integral formula we have (all integrations being in the counter- 
clockwise direction) 


f (ta, 22) 1 f #2) 
f 22) == (i; dt, + (4 t,) dt, 
and 


1 f(t, te) 1 f to) 


Substituting from the second in the first we have 


= f(t, te) 
f(a, Z2) ( 221) 2 (to (t, dt.dt, 
f (ta ta) 
f(t, te) 
(2t)? S (tz — 22) (2 —1,) dt,dt, 


te) 
+ (2a)? — te) (41 — #1) dt.dt;. 


nt, 
(1) 
? 
ly. 
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Using the expansions just obtained we have 


™,=0 mg=0 


oo 
> (21) V ms (22) 


m,=0 mM =0 


oo 
+ LAP my (21) (22) 


m,=0 
tS SAM (41) Vins (Z2), 
m,=0 mg=0 
where 
1 
A? am = f (tr) Ving (to) f (ths te) 
4 O, 


1 
AM am go Vas’? (te)f(t ta) 


A® Fm, (t1) Ving® (t2) f te) dtedts, 


II. ExpaANsIons IN CONFLUENT HYPERGEOMETRIC FUNCTIONS. 


13. Certain Confluent Hypergeometric Functions Satisfying the Hypo- 
theses in §2. We define Mim(z) as follows, 


Mum (z) 


x { 1+3 (% + \ 
where 2m is not a negative integer. Then Mym(z) is an integral of 

d*y k —m? \ 
(11) {—%+4+ y = 0. 


This equation is obtained from the confluent hypergeometric equation 


2 — m? 
4 + {£_4 humo 


dz Zz 


dz* 
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by means of the transformation u = e-*/*y. The series for Mim(z) converges 
for all finite values of z*. We shall write 


Mim (2) = (2) 


and deal with expansions in terms of Mym(z) allowing m to range over zero 
and the positive integers. 

For the circle of radius R mentioned in § 2 we may take any circle de- 
scribed about the origin. Then, using My(m),N and My in the same senses 
as in § 2 we have 


My(m) 
| | %+m—k| |r—~%+m—k| We 
x { Gin +i) Gm Gm 


The rth term in the summation on the right has r factors of the form 
a—1, 2,°--,7. 
Now 
+ m—k|/(2m+ a) < (mpat|k—% |)/(m+a+4m). 
Hence there exists a constant Z such that 
(12)  k|/(2m+ a) 


independently of m and « and for any fixed k. We then have 
co 
My(m) N™{1+ (LN)*/r! = 
r=1 


and My may be taken 


My = 


The sequence of functions Mim(z), m= 0, 1, then satisfies the hypo- 
theses of § 2 and the theorems of the first division apply to it. The expan- 
sions there obtained converge in some small regions. We now proceed to ex- 
tend those regions by further investigation. 


14. Hxpansion of 1/(t—z). Now we have an expansion of the form 


oo oun 
2" = = Cnsy 
v=0 


*See Whittaker and Watson, A Course of Modern Analysis (3d Ed., Cambridge, 
1920), Chapter XVI, for discussion of solutions of (11) and further references. 
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By inserting in the right member the expansion of "Van (2) and equating the 
coefficients of like powers of z, we find that the c’s satisfy the recurrence 
relations 
m r=1,r=nh, 


=0, 
from which it follows that 
(n+ % —k) (n+ %—k) (n+v—%—b) 
(Qn + v)(Qn+v+1) (2n4+ 2%—1) vt 


Cn = 1 and Cnsp (—)’ 


Making use of (12) we have 
| Mam(z) | S| 2 |™ eel, 
The expansion for 2” is then dominated by the series 
(2n + v)(2n +v-+1) (2n + 2v—1) v! 


By the ratio test it is seen that this series converges for all finite values of z 
and the same is true of the series dominated. It follows that the series for 2" 
is absolutely and uniformly convergent in any finite closed region. Therefore 
since the series represents 2” in the neighborhood of zero it represents 2" 
everywhere. Now from the equation 


— lel <lel, 
we have 
(18) 1/(t—2) 3.1/0" 
n=0 


+ v! (Qn + v)(2n+v+1) (Qn + 2%—1) Mr, (2) }- 


This series is dominated by 


co 
eblel/| t { | 2 |" 
n=0 


Jnt+%—k| |n+%—k|-:: |n+v—%—E | 
+z v! (2n + v)(2n (2n+ 2%—1) | z | }. 


By an argument similar to that used in establishing (12) we have 


[n+ |/(2n+ 2a—1) SL’, a=—1,2,° °°, 9; 


q 
| 


fz 
gn 
re 


gn 
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and 
00 

(14) > eFlel/| t | > (L’| |)’/v! —= g(L+L’)|2| >| \"/| t 
n=0 v=0 n=0 


which is convergent if |z|<|¢| and consequently (13) is absolutely con- 
vergent if |z|<|#|. By an argument similar to that of §4 we may re- 
arrange (13) obtaining 


= Vint) Hin(2), where 


(r+ %—k) (r+ %—k) (n—%—k) 


1 


(—)nr 


We may state the following: 


If z and ¢ be two complex variables such that |z|=R, and |t|=R, 
where #, < R, then the expansion 


(15) 1/(t —z) = D Vien(t)Min(z), where Vio = 1/t 
n=0 


and Vin ( ) (Qn—1)t 


1 
+ 
is valid and converges uniformly with respect to ¢ and z. 


15. The differential Equation Satisfied by Vin(t). By means of the 
transformation Min(z) = e-*/?24Mun(z) applied to the differential equation 
(11) we find that Mxn(z) satisfies the equation 

, au at 


We differentiate both members of the equation (15) with respect to z and mul- 
tiply through by the corresponding coefficients from the above differential 
equation. Then using that equation we obtain 


228/(t—2)* + (2 —2*)/(t—2)* + (L—%)/(t—2) 
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Expanding the numerators of the terms of the left member in powers of 
(¢—z) and simplifying, we have 


at#/(t— — (8¢ + *)/(t—2)* + + %)t+1]/(t—2) 


Again differentiating both members of the equation (15), this time with re- 
spect to ¢, and making use of the last equation we find a differential equation 
satisfied by Vin(t) to be 


(n—%—k) 
=(%+h) n! n(n +1) 


16. Expansions in Terms of Vin(z) and Min(z). By an argument simi- 
lar to that in §§ 5, 6, 7 we can establish the following theorems: 


THeorEM VII. If f(z) be a single-valued, analytic function of z within 
and upon C4, the equation of Cs being | z| = R,, then the expansion 


f(z) — where din = (1/2ai) f Vin(t) f(t) dt, 


is valid and converges uniformly with respect to z if z is within or upon the 
circle |z| = R,, where Ry < Ry. 


Corotuary. Jf f(z) is analytic throughout the finite plane then the 
foregoing expansion for f(z) is valid throughout the fintte plane. 


TurorEM VIII. I; f(z) be a single-valued, analytic function of 2 upon 
and outside C,, the equation of C, being | z | = Ri, then the expansion 


f(z) —ScunVin(2), where den (1/2ni) Hon (t) f(t) dt, 
n=0° C; 


is valid and converges uniformly with respect to z tf 2 is outside or upon the 
circle | 2| = R, where BR, < Ry 


TuHrorEM IX. Let C1, C2, Cs, Cy be, respectively, the circles | z| == Ry, 


on 
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|z| where Rs < If f(z) bea 
single-valued, analytic function of z within and upon the boundary of the 
ring O:C, then the expansion 


f(z) -> denM xn (2) + 


where din (1/2ri) Vin(t)f(t)dt and (1/2ni) Wun (t)}(t) dt, 


is valid and converges uniformly with respect to 2 when z is within or upon 
the boundary of the ring C2C;. 

We can establish the relationships between the coefficients of these expan- 
sions and those of the Taylor and Laurent expansions of f(z). Orthogonality 
properties for Vin(z) and Vin (2) similar to those in § 9 can also be proven. 
Results may be obtained in the neighborhood of za. The theory may be 
extended to the expansions of functions of n variables in multiple series. 


| 
‘i- 

n 

é 

] 


1. Introduction. Since Einstein advanced his Theory of Relativity in 
1916, there has been a considerable increase in interest in what is known as 
Tensor Analysis. Mathematicians and physicists alike are realizing the power 
of this method of treatment; especially since it has led to the association of 
physical quantities which hitherto had seemed unrelated. The idea of a 
tensor, however, far antedates Einstein, it being introduced by Grassmann 


in 1844.* 


In this work of Grassmann’s Die Ausdehnungslehre, the author gives a 
rather exhaustive algebraic treatment of these quantities, which he termed 
“extensive Grosse,” but his ideas were often abstruse and vague, so that the 
work has never been used nor appreciated very much by mathematicians. The 
main part of this paper will be devoted to the development of explicit expres- 
sions for these “extensive Grésse,” and for various combinations of them. 
It is hoped by this more definite treatment of the subject that Grassmann’s 
work will be simplified and thereby become of greater value to the mathe- 
matical world. 

One method of defining a tensor is by means of its components and the 
transformation of these components under a change of coordinates. If we 
form n functions of n ordered numbers in the x space 


arbitrary except that the ratios ¢'/z', ¢?/2’,- - -, ¢"/x" are of the same phy- 
sical dimensions, and then form another set of n functions of the correspond- 


ing y’s in the y space, 


which are defined by the equation 


A Modern Presentation of Grassmann’s Tensor 


Analysis. 


By HELEN Barton. 


*H. Grassmann, Die Ausdehnungslehre, Werke, Bd. 1, Leipzig, 1896. 
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then these n functions ¢', $7, ---, ¢” are the nm components of a contra- 
yariant tensor of rank one as presented in the x space, and y’, ¥*,°--, ¥" 
are the n components of the same contravariant tensor as presented in the 
y space. 

Similarly, if we start with n functions of the x coordinates, ¢;, ¢2,° °°, 
¢n Which are now subjected to the condition that each product ¢,a" is of the 
same physical dimensions, and then form the corresponding functions of the 
y coordinates y1, * *, Wn where Yr = dq then ¢1, $2, *, dn are 
the n components of a covariant tensor of rank one as presented in the z 
space, and yx, ¥2,° * *, wn are the n components of the same covariant tensor 
as presented in the y space. 

Other tensors of each of these types, as well as combinations of the two, 
but of higher rank are defined in a similar way; but without going into fur- 
ther detail, it is evident that tensors, as viewed from this angle, are composite 
quantities, and their components presented in one space bear a certain definite 
relation to the components in another space. 

Grassmann had a very different point of view. He was not interested 
in the presentation of these “ extensive Groésse ” with reference to any system 
of cordinates, nor in their transformations, but his work dealt with the various 
operations which could be applied to these quantities. To him, an “ extensive 
Grésse ” was a quantity built up from simple quantities which have both 
direction and magnitude. These “extensive Groésse,” therefore, are defined 
by their parts or components in certain given directions. It follows from the 
definition that two “ Grésse ” are equal if the corresponding components of 
the two are equal. 

Grassmann made no reference as to whether these 
were contravariantly or covariantly presented, and the reason for this is clear. 
In Euclidean space, where the coordinates are orthogonal, we have the funda- 
mental relation 


“extensive Grodsse ” 


(ds)? (da)? + (de)? ++» + (den)? 
If linear transformations only are considered, they are of the type 2” = c,"y*, 


y" = c,*x* and there is no distinction between the covariant and the contra- 
variant presentation of a tensor. 


* A Greek letter in an expression plays the réle of an umbral symbol, i. e. it 
indicates that the expression is a summation of terms, each formed by assigning the 
n numerical values in succession to the umbral symbol. 
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2. Outer Product of Tensors. We know from ordinary Vector Analygy 
that two vectors may be combined into a vector or outer product, to give a 
new vector of the same type but of rank two, and its components are given 
by a two row determinant. Thus the r,r, component of the outer product of 
the vectors a and b is given by 


[ab | bt br2 


but this might also be written in the form 


F 

Te 


| is known as the generalized Kronecker 
S1 Se 


The symbol here used [ 


symbol. 
The symbol is, as its name indicates, a generalization of the ordinary 


Te 

Kronecker symbol and we shall represent it in the form [ aha bes 
1 2 m 

where m is any integer 1, m and 1), T2,° Tm and 8, Sm 


may take independently any of the n integral: values. By definition, the 
symbol has but three distinct values: 


if 11, T2,° °°, Tm and 8;, S2,° * *, Sm are not arrangements of the same set 
of m distinct integers; 
S2 . Sm 


according as it takes an even or odd number of interchanges to bring 1, ro, 
Tm into the same arrangement as S2,° * * Sm. 

It should be noted further that this symbol is itself a tensor, mixed in 
type—covariant of rank m and contravariant of rank m.{ Furthermore, this 
mixed tensor is non-metric, that is, it holds for all space, in which a point is 
merely a set of m ordered numbers. 

If, however, we modify the symbol by fixing the order of one of the 


sets of labels, for example, [ 
81 Se Sa 


EE as we do in defining the 


*F. D. Murnaghan, American Mathematical Monthly, Vol. 32 (1925), pp. 233-241. 
T F. D. Murnaghan, Bulletin of the American Mathematical Society, Vol. 31 (1925), 
pp. 323-329. 
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complement of a tensor, it should be noted that it is no longer a mixed tensor 
of rank 2m, but if it is multiplied by + g* it becomes a covariant tensor of 
rank m, where g is a determinant whose elements are the components of a 
covariant tensor of rank 2,—obtained from the metrical form 


(ds)? = gagr*a8, 


In normal space, where grs = 0 if and grr = 1, the determinant g —1. 
Hence, since Grassmann was dealing, in effect, with points which were ex- 
pressed in normal coordinates, the factor g* does not appear. 

This symbol therefore lends itself to the formation of an outer product 
of any number of these vectors or tensors of rank one, thereby producing a 
tensor of higher rank,—equal to the number of these vectors contained in the 
product. But we need not restrict ourselves to the outer product of tensors 
of rank one. We may form the outer product of several tensors, each of 
different rank, and so obtain a tensor of still higher rank. 

Thus if A is a tensor of rank p and B is a tensor of the same type as A 
and of rank g, and p-+q =n (where n is the dimension of the space), then 
17 may be defined as 


This is the explicit expression for the 7, 1p °** component of the outer 
product of A and B, and it is readily seen that in this case C is a tensor of 
rank p+ q. 

Furthermore, it should be noted that C, the tensor obtained from the outer 
product of two or more tensors is alternating. For 


It is evident that all odd permutations in the first case will be even in the 
second, and vice versa; hence, from the definition of the generalized Kron- 
ecker symbol, 


Furthermore, if A and B are each alternating, then many terms in the 


summation become identical and we may remove the numerical factor 1/p! q!. 
Since, in this paper, we shall confine our attention to the case of alternating 
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tensors, we shall write as our explicit expression for the 1,rz°*+ 1p s8,°°: Sq 
component of the outer product of the alternating tensors A and B 


It is evident that this definition has no meaning if p+ q >, for in that 
case, the generalized Kronecker symbol vanishes identically. 
With these definitions as a starting point, we shall proceed to prove a 


few theorems relating to the outer product of tensors. 
We shall first prove that 


[AB] = (—1)"[BA] 


where A is a tensor of rank p, B is a tensor of rank r, and p+r<n. 
By definition 
pir! Ap Sper 


In order to compare similar terms, let us rewrite [BA] in a different manner. 


Bown 4% eee ap, 
Xp 


In order to determine the sign, we must rearrange the @’s in the symbol so 
as to make them agree with those ift the sign factor of [AB]. To do this, 
a, must be moved over r positions to bring it to the first position, i.e. the 
sign will be (—1)*; similarly it will take r interchanges to bring a, to the 


second position, etc. Therefore, the final sign, when all p of the a’s have 
reached their proper positions will be (—1)"?. Hence 


(2) [AB] = (—1)”[BA]. 


From this it follows that if C is a tensor of rank s, and D is a tensor of 


rank ¢, then 


[ABCD] = (—1)* [ABDC] = (—1)*** [ADBC] 


We shall now prove that 


bm] determinant of a’s [a:a2°** Om] 


Ba, 


hat 


lpi 


eT. 
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where 6, bs,* * -, bm is a series of simple “ extensive Grésse ” which are line- 


arly dependent upon m other simple “ extensive Grésse ” a;, d2,° * *, dm; i. @. 


Any component o, of b; may be represented as b,% = a,"a),. By defi- 


nition 
Lr. . . 
Om 
Ty . . . Tm 
1 m 
. . Tm 
m 
* Om m 
Hence 
°° tm 
= Determinant of @’s [aid2 * Am].t 


So far, we have been concerned only with the outer product of tensors, 
the sum of whose ranks is less than or at most equal to n. But before pro- 
ceeding to the case where this sum is greater than n, we shall define a new 
quantity known as the complement of a tensor. 

If A is a tensor of rank p, then the complement of A is a tensor B of 
A=B). Any component of the complement 


of A is explicitly defined as 
Sn-p Pi“ Pp 


Before proceeding to the next proof, we shall introduce at this point 
several lemmas, concerning the generalized Kronecker symbol, as they will be 
needed in the following proofs. 


* Formula 2.3 of Professor Murnaghan’s paper, American Mathematical Monthly. 
+ Formula 3.4 of Professor Murnaghan’s paper, American Mathematical Monthly. 
tIf A is a contravariant tensor of rank p,.the complement of A is covariant of 
rank n—p. The shift of labels from above to below is used to indicate the change of 
type of tensor. 
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Lemna I. 


( ) S1° ° Omg * Pm-g 9) * Pm-g 


From the second factor on the left-hand side, it is evident that in order 
that the symbol shall not be zero, a,- * *%m-g must be some arrangement of 
the quantities p,, ~2,° °°, Pm-g Any inversion in a particular set of values 
assigned to @1, 2° * *, @m-g in the one factor will cause a similar inversion in 
the other factor; hence, their product will have the same sign as if the arrange- 
ments of *@m-g and Pm-g are identical. Since there are (m—gq)! 
such arrangements of * *, we must introduce the factor (m— gq)! 
on the right. 


Lemma II. 


6 


It is evident that if the symbol is not to be zero, that s;, s2,° °°, Sg is 
contained in 1m; also b,,° bg is contained in Tm; there- 
fore %, °° °,Qm-g may assume only such values of 7:,-°-~-, %m as are not 
contained in s;,° Consequently, b,,-- b, must contain only those 
values of r,- - -, 7m not assumed by *,@m-g, i. e. those contained in 
S:,° 8. Since there are (m—g)! such arrangements of Gm-g 
the truth of (6) follows. 


Lemma III. 


Both of these statements follow from the alternating character of these tensors. 
Therefore the truth of (7) follows. 
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Lemma IV. 


From (7) we have 
Ay Am Om+1° * Omer ! r! Ay 
* Omer 
Substituting this in the left-hand member of (8) we obtain 
Au: «+ RBA » 


(by 5) 


It is readily shown that the complement of the complement of a tensor is 
equal to + the original tensor. 


If A is a tensor of rank p, then B =| A is a tensor of rank n — p, and 


C =| B is a tensor of rank p. We shall prove therefore that 


[|] A= + A. 
By definition, 


(by 4 


(— Am: ++ Dp 
[| A 


a 
er 

of 

eg 
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)! 

! 

a 
+g, 

8 
] 
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If A is of order p and B is of order r, and p+ r > n, then as we noted 
above, our former definition of the outer product of two tensors (when 
p+r<n) would have no meaning. Hence, we define the outer product 
of AB, when p+r7> 7 as a tensor of rank p+ r—n and its explicit ex- 
pression is found by taking the outer product of the complements of A and 
of B, and taking the complement of this outer product i.e. | [| 4-| B] = 
[AB] by definition, when p+r>n. | A isa tensor of rank n—p; | B is 
a tensor of rank n—r; [| A-|B] is a tensor of rank 2n—p—r<n; 
| [ | 4-| B] is a tensor of rank p-+r—n<n. 

To find the explicit expression for this outer product, we proceed directly. 


| 7 | 


Taking the complement of this, we obtain 
| [ | A- | Bi,. = 


1 
~ pliri(n— p)l(n—r) !(2n—p—r)! 


piri(n—r)! 


Au: dp BB... Br 
(by 5 and 6). 


nN 


By means of this expression, it is readily shown that the complement of 
the outer product of two tensors is equal to + the outer product of their com- 
plements, 1. e., 


| [AB] =+ 


A: |B] 


f 

| 

: 
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where A is a tensor of rank p, B is a tensor of rank r. 


Case. ptr<n. 


| [AB] is of rank n— p—r. 
[| A: | B] is of rank 2n — p—r—n=n—p—r<n. 


| [AB] = | 


« 8n-p-f 


pirl(p+r)! * Sn-p-r Ar * 


(by 5). 


To find [| A-|B] we must use the expression for the outer product of 
two tensors, the sum of whose ranks is greater than n. 


[| 4° | Bla... !(n—r)!r! 


(n— p—r) Si °° * 


(by 5, 6, 7) 


| [AB] = [| |B]. 


Case II. p+r>n. 


[| A: | B] is a tensor of rank 2n—p—r<n. 


| [AB] is a tensor of rank 2n — p—r. 
10 
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| [AB] =| [| 4-| B] by definition. 
| [4B] = || [| 4°] —(—1) A-|B] (by 9) 
(11) = (—1) A-| BY. 


Hence the theorem holds when p+r<n and p+r>n. 
We shall next prove [A(BC)] [ABC] where A, B, C are tensors of 


rank p, r, s respectively. 


Case I. ptrt+s<n. 


1 


= [ABC] + 
Hence 
(12) [A(BC)] = [ABC]. 


Case II. p+r+s> 2Qn. 


Let A’=|A, B’=|B, C’=|C. Then A’ is a tensor of rank n—p; 
B’ is a tensor of rank n—r; C’ is a tensor of rank n—s. [A’B’C’] isa 
tensor of rank 3n — p—r—s <n and therefore comes under Case I. 


| = (—1) [| A’-| BY | But 4’ =| A and 
| || A= (— 
| [A’B’C’] {— 1) (3n-p-r-stptr+s) (n-1) [ABC] (— 1) 8a(n-1) [ABC] 
— [ABC]. 
Similarly | [4’(B’0’)] = (—1) orn [| | ] 
= [A (BC)] = [A(BC)]. 


Since [A’(B’C’)] = [A’B’C’], 
then [A(BC)] = [ABC]. 
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The explicit expression for [ABC] when p+1r-+s> 2n may be derived as 
follows : 


| [A’B’C’] [ABC] 81-0 + 


1 Ax ** Agn-p-r-s 


= (8n—p—r—s) 1(n—r) (n—s) 1(n—p) La - 


(—1) (p+r+8-2n) (n-p) Sparss—on ] 
(p-+r-+s—2n) 1(n—r) !(n—s) 


(124) x 7 


We shall further prove that 


Oy ° °° Spsrss-on 


(13) [AB: AC] = + [ABC]A. 
where A, B, C are tensors of rank p, r, s respectively. 
CaseI. pt+r+s=—n. 


[| AB- | AC] is a tensor of rank s+ r or n—p, 
| [| AB-| AC] is a tensor of rank p. 


(— 1)? 
pi(pt+s) Ir! 


eer 


[AB-AC]™-- 


{-~ 1 stor ] 


pe 


| 
| = 
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| p(str) 
p! 
AM: Mp Bor eee De 


(13A) = (— 1)?" [ABC] Am---™ 
Case II. p+r+s—2n. 
Let A’=|A, BY=|B, C’=|C. Then [A’B’C’] is a tensor of rank 
3n— p—r—s=—n. Hence we can apply the theorem for Case I. 
[A’B’- A’C’] = [A’B’C’] A’ 


| [A’B’- A’C’] = (— 1) 2-9) [| A’: | B’ | A’: | tg 
(— 1) (2n+p+r+s) (n-1) [AB AC] 
[AB- AC]. 


Therefore to find the expression for [AB: AC] when p+ 7r-+s = 2n we shall 
find the complement of [A’B’- A’C’] 


[A B’:-A C In-p (n—p) !2(n—r) !(n—s) 


x A’a, « A’ + Pn-p B’., On-r + « (Case I) 
(—- 1) Oy eee 
p '?r!s!(n—p) !?(n—r) !(n—s)! LI, 


°° Gn-p Y1° Yp 
1 
Pn-p Pa” Pp Oner r 


Vg 


Taking the complement of this, we obtain 
| [A’B’ A’C’] [AB AC|™ My 
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(13B) —Am---m [ABC]. 


In order to show that the above expression is equal to [ABC] when 
p+r-+s= 2n, we shall first find [A’B’C’] whose rank — n. 


But the complement of [A’B’C’] is [ABC]; i. e 


| [A’B’0"] = [| 4’-| B’- | = [ABC] 


n!(n—r) !(n—p) !(n—s) !p tris! 


Ay °° * Bn-r ben 8 
xX 


Mp dr (lr. vs 


(13C) 


| [A’B’C’] = 


Mn-r+i Ve 


3. Inner Product of Tensors. In the study of simple vectors, we con- 
sider two varieties of products,—outer or vector products and inner or scalar 
products. So here, we form not only outer products of tensors, but also inner 
products. 

The inner product of two “ extensive Grosse ” A, B, as defined by Grass- 


\ 
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mann, is the outer product of A into the complement of B; i. e. the inner 
product of A into B equals [A |B]. We note here that if A is of rank p 
and B is of rank r, and p>, then the rank of [A | B] is equal to p—r; 
but if p then the rank of [A |B] isn-+p—v. In order to keep the 
two cases more nearly similar, we shall modify the above definition as follows, 


If pr, the inner product of A into B is defined as [A | B]. 
If p <r, the inner product of A into B is defined as | [A | B]. 


The rank in the second case is now r— p. 
We shall now proceed to derive the explicit expressions for the inner 


product of two tensors A and B, in the following cases: 


I. The ranks of the two tensors are equal. 
II. The rank of A is greater than rank of B. 
III. The rank of A is less than rank of B. 


Case I. A is a tensor of rank p, B is a tensor of rank r and p=r. 
Then the rank of [A-| B] is zero. 


A| A 
[A | B] P\p!(n—p) ap An-p 


[ Sp |4 


pip! 
— 1)pin-1) 
Similarly 
| 
B A 8 
[ | n p! p!(n—p)! 81 Sn 


[ ] B AM +++ Op 
pa eee cee Ap By Bp 


Hence [A|B] —[B| A] when p—=r. 

It is evident from (14) that Grassmann’s definition of the inner product 
of two tensors is in accord with the usual method of finding the inner product 
of two tensors, that of multiplying scalarly the contravariant presentation of 
one into the covariant presentation of the other. 


tf 
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Case II. p>r. 


By definition, the inner product of A into B is [A |B]. It is evident 
that the sum of the ranks of A and of | B is p-+ »—r which is greater than 
n, hence we must use formula 10 in writing the explicit expression for [A | B]. 
Thus 


[A | Mp-r 


{— 1) (p-r) (n-p) 
(p—r) !(n—r) !r! Lay Oper 


(— 1) (p-r) (n-p) +r (n-1) ad 


(p—) !r!? Gy * Apr Xp 


(15) = 


Case III. p<r. 


By definition, the inner product of A into B in this case is | [A-|B]. The 
rank of this tensor is r— p. 


[A | B]® * Xp 


Taking the complement of this, we obtain 
| [A | B] =C),... Ir-p 


1 . n 


Let us now compare the inner product of A into B with that of B into A. 


I. Whenp>r. 
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Now [B | A] will fall under Case III, therefore by 16, we may write at once” 


[B | A]}m,.. mp-r (p—) Mp-r 


The two expressions are of different types, but otherwise, they are identical 7 
except for sign. However, if we multiply [B| A] by (—1)*"®, the two are © 
equal, since the exponents of (— 1) are congruent, modulus 2. 


II. When p < 1, the same relation holds, since in either case, it results 7 
in a comparison of formulas 15 and 16. Hence the inner product of A into | 
B= (—1)*® inner product of B into A, provided we do not distinguish 
between contravariant and covariant. 


4. Conclusion. In the preceding pages, we have endeavored to give a 
modern presentation of Grassmann’s Die Ausdehnungslehre with special em- 
phasis on the development of the explicit expressions for various combinations 
of tensors. 

Having defined, by means of the generalized Kronecker symbol, the outer 
product of tensors, the sum of whose rank < n, and also the complement of 
a tensor, we have derived the explicit expression for the outer product of ten- 
sors, the sum of whose ranks > n, 

From these expressions as a basis, various relations between the outer 
products of tensors are readily derived. 

We have also derived expressions for the inner product of two tensors, 
of ranks p and q, in the cases where p—1r, p>r and p< 1.* 


* Since writing the above paper, we have read with interest a paper by C. L. E. 
Moore, “Grassmannian Geometry in Riemannian Space,” Journal of Mathematics and 
Physics (Massachusetts Institute of Technology), Vol. V, No. 4 (June, 1926), which 


bears directly on this subject. 


. 
a 
§ 
a 
Wy 
4 
at 
4 
it | 
| 
| 
3 
4 
i aq 
7 


Bi 
\ 
a 
; 
s 
f / 
e 
\\ 
5 q 
% 
q 
t 


: 
| 


THE JOHNS HOPKINS PRESS 


SERIAL PUBLICATIONS 


American Journal of Mathematics, Edited by G. D. Birxnorr, A. B. Cosiz, ABRa- 
HAM COHEN, G. C. Evans and Frank Mortey (Chairman). Quarterly. 8vo. 
Volume XLIX in progress. $6 per volume. (Foreign postage, twenty-five cents.) 

American Journal of Philology. Edited by C. W. E. Mrrter, with the codperation of 
M. H. T. FRangx, W. P. Mustarp, and D. M. Rosinson. 
Quarterly. 8vo. Volume LXVIII in progress. $5 per volume. (Foreigu postage, 
twenty-five cents. ) 

American Journal of Psychiatry. E. N. Brusu, C. M. CAMPBELL, A. M. BARRETT, G. H. 
Krrpey, and H. Doucias SINGER, Editors. Quarterly. 8vo. Volume VII in pro- 
gress. $5 per volume. (Foreign postage, fifty cents.) 

Biologia Generalis, (International Journal of General Biology), Edited by LEopoLp 
LéuNeER, Graz; RAYMOND PraRL, Baltimore, and VLADISLAV RizZicKa, Prague. 
8vo. Volume III in progress. $20 per volume. 

Bulletin of the American Association of Collegiate Registrars. Quarterly. 8vo. Series 
III in progress. $3 per year. 

Hesperia, HrgMANN CoLLitz and Kemp Matons, Editors. 8vo. Twenty-four num- 
bers have appeared. 

Johns Hopkins Hospital Reports. Svo. Volume XXII in progress. $5 per volume 
(Foreign postage, fifty cents.) 


Johns Hopkins Univeisity Circular, including the President’s Report, Annual Register, 


and Catalogue of the School of Medicine. Ten times yearly. 8vo. $1 per year. 


Johns Hopkins University Studies in Archaeology. Davin M. Rosinson, Editor. 8vo. 
Number two has appeared 


Johns Hopkins University Studies in Education. Epwarp F. Bucuner, Editor. 8vo. 
Nine numbers have appeared. 


Johns Hopkins University Studies in Geology. Epwarp B. Maturws, Editor. 8vo. 
Seven numbers have been published. 


Johns Hopkins University Studies in Historical and Political Science. Under the 
direction of the Departments of History, Political Economy and Political Science. 
8vo. Volume XLV in progress. $5 per volume. 

Johns Hopkins Studies in Romance Literatures and Languages, (D. S. BLonpHETm, 
GILBERT CHINARD, and H. C. Lancaster, Editors. 8vo. Twelve numbers have 
been published. 

Modern Language Notes. Edited by Epwin GreenLaw, G. W. KuURREL- 
MEYER, and H. C. LANcasTER. LHight times yearly. 8vo. Volume XLII in 
progress. $5 per volume. (Foreign postage, fifty cents.) 


Reprint of Ecenomic Tracts, J. H. Horianper, Editor. Three series have appeared. 


Terrestrial Magnetism and Atmosplieric Electricity. L. A. Bauer, Editor. Quarterly. 
8vo. Vol. XXXII in progress. $3.50 per volume. 


Subscriptions and remittances should be sent to The Johns Hopkins Press, 
Baltimore, Md., U. S. A. 


VECTOR ANALYSIS 


and the 


THEORY OF RELATIVITY 


BY 


FRANCIS D. MURNAGHAN, M.A. (N.U.I.), Px. D. 
Associate Professor of Applied Mathematics, Johns Hopkins University 


125 +-x pages. Cloth $2.75 


This introduction to the Theory of Relativity is intended for readers possessing 
@ sound knowledge of Algebra and Calculus. The general subject of Vector (or Tensor) 
Analysis is introduced in a natural and somewhat novel manner. {The author hopes 
“to make it clear that the methods of the ‘Mathematics of Relativity’ are applicable 
to, and necessary for, Theoretical Physics in general and will abide even if the Theory 
of Relativity has to take its place with the rejected physical theories of the past.” 


TABLES OF ,/ 1— r? AND 1-7? 


FOR USE IN 


PARTIAL CORRELATION 
AND IN TRIGONOMETRY 


BY 


JOHN RICE MINER, So. D. 


Associate in the Department of Biometry and Vital Statistics, 
School of Hygiene and Public Health, 
The Johns Hopkins Uniwersity 


These tables fill 2 want long felt by practical workers in all branches of statistics. 
Everyone who uses the method of correlation has wished for tables from which the 
probable error of a coefficient of correlation could be obtained with accuracy. Similar 
tables to this have existed on a small scale, but never before have there been available 
tables of 1—r2 and V1—r? to 6 places of decimals, and 4 places in the argument. 
Not only are these tables of great usefulness in getting the probable error of a corre- 
lation coefficient, but also they have what will perhaps be their chief value in the 
calculations involved in the method of partial or net correlation. 


Price in heavy paper covers, $1.00 
Cloth bound, price $1.50 


Orders should be sent to 
THE JOHNS HOPKINS PRESS 
Baltimore, Maryland 


3 
: 


\ 
Bi 
4 
§ 
j 


